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ABSTRACT

;lcf7f;qa>

A theoretical -computational study is presented on
how specular reflection at the ground modifies the light
scattered outwards from the top of a homogeneous Rayleigh
atmosphere. The computations for this model are compared
with computations for a second model, which is the same,
except that the ground of the second model reflects radia-
tion according to Iambert's law. Upon comparing the cor-~
responding radiation parameters for the two models, when
their atmospheric optical thickness (-rl) is not large
(1:1 ¢ 1.0), one sees that the relative difference is
small for the flux, increases for the specific intensity,
becomes large for the maximum degree of polarization, and
is still larger for the neutral point positions. The
neutral point characteristics for the two models are
quite different for opticel thickness smaller than 0.25.
The flow of the radiation is divided into several streams
that have physical significance and can be calculated

separately. Under certain conditions some of these

streams can be neglected. /1\
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I. INTRODUCTION

The characteristics of radiation scattered from a planetary atmos-
phere depend on how the radiation is reflected from a surface at the
lower boundary of the atmosphere. One extreme type of reflection from
a surface occurs when the incident and reflected radiation are uncorre-
lated to the extent that the reflected radiation is unpolarized and of
equal intensity in all directions towards the upward hemisphere, inde-
pendent of the character of the‘incident radiation. This type of re-
fleéiion, referred to as Lambert reflection, has generally been uséd in
studies of radiative transfer in planetary atmospheres because of its

*
1,%,5,6,11,13,23 Another extreme type of surface reflection

simplicity.
occurs when the radiation reflécted from the surface is perfectly
correlated with the incident radiation, as occurs when radiation is
specularly reflected from a smooth, plane surface according to Fresnel's
law. The purpose of this study is to compute the effect on the radia-

tion field of Frensel réflection from the lower boundary, or ground.

Fraser and Sekeralh commenced the study of the effect of Fresnel
reflection by deriving the equations for the intensity matrix that gives
the Stokes parameters of the radiation that falls on the ground, when the
atmosphere is externally illuminated on top by parallel radiation and
scatters the radiation according to Rayleigh's law. Iater, Professor

Sekera used these equations to compute the radiation parameters.zu The

*
The superscript refers to the reference number. Because there will be

many references to Chandrasekhar's Radiative Transfer, it will be desig-
nated by R.T.
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computations showed that the degree of polarization and the intensity of
the radiation falling on the ground for the Fresnel model are nearly the
same for corresponding parameters for the Iambert model of reflection.

However, the locations of the neutral points in the degree of polariza-

tion field differ significantly for the two models.

Dave and Sekera8 derived most of the equations that are required to
compute the parameters that characterize the radiation leaving the upper
surface of a Rayleigh atmosphere. Fraser independently derived equations
for the same parameters. The two sets of analyses agreed with each other.
The equations for the radiation parameters at the upper boundary of the
atmosphere will be derived in the next section. This analysis will de-
pend on the characteristics of the radiation at the lower boundary. Al-
thoqgh the equations for the radiation parameters at the ground are given
in a reportlh, the report is not obtained easily. Hence, the equations

for the ground parameters are included in this report.

The section following the theory presents details of the computation-
al routine. The accuracy of the data is discussed, also. Then the re-

sults of the computations are given in another section.

The effect of Fresnel ground ref{ection on the radiation leaving
the top of a Rayleigh atmosphere will be shown by comparing the radiation
parameters for the model with Fresnel ground reflection and the parameters
for the same model, except that the Fresnel law is replaced by the ILambert

law. The albedo at the ground is the same for both models. The radiation
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parameters that will be used are the flux, total intensity, degree of
polarization and the neutral points. The data for the Fresnel model can
be applied to planetary atmospheres that have a small aerosol content
and lie above extensive bodies of water that are not too rough, since

such water reflects light according to approximately Fresnel's la.w.7’ 18 ‘

The flow of radiation for the Fresnel model is separated into several
streams, which have physical significance and whose properties can be
computed separately. The radiation characteristics of these streams are
studied as a function of the ground albedo in order to find the conditions
for which the characteristics of a stream can be neglected and there‘by

simplify the computations.
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II. THEORY
The following analyses will be based on Chza.ndrasekhar's)+ solution

of the planetary problem. The only difference between the problem

solved by Chandrasekhar and the one solved here is that Chandrasekhar
assumed that the groﬁnd reflected radiation according to ILambert's law,
and here the assumption is that the ground reflects according to Fresnel's
law. However, the reader need nét be familiar with Chandrasekhar's R.T.
to follow the analysis given here. Before the equations for the radia-
tion parameters are derived, the radiation parameters that will be used
are introduced. Then the radiation characteristics of the atmospheric
model are presented. Finally, the description of the planetary atmos-
phere model is completed with a review of Fresnel's law of reflection
from a dielectric ground.

A. Model

1. Radiation parameters

The intensity and polarization characteristics of a quasi-monochromatic
prencil of light in a scattering atmosphere are conveniently represented by four
Stokes parameters. The Stokes parameters are defined and discussed in R.T.,
Chapt. 1. The matrix of the Stokes parameters that is used in this report will

be called the intensity matrix and is
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I (vu,9) = Ur . (2.1)

Each of the four parameters has the same functional dependence that is shown
on the left-hand side of the equation. The matrix is independent of time
for the particular models used here, but the matrix depends on position,
vhich is customarily given by only the normal optical thickness (T) for the
type of model atmosphere that will be used. The normal optical thickness of
a plane layer of atmosphere between the top and a level at distance z above
the lower boundary can be defined in terms of a scattering cross-section
per particle, o, and the number of particles per unit volume, N, b& the

relation

‘ ®
*(z,)) =I o(z,\) W(z) az (2.2)

vhere A represents the radlation wave length. The optical thickness

incresses from zero at the top of the atmosphere to the maximum value T at

the lower boundary, vhere z = O. The optical thickness is defined in

Eq. (2.2) for a single wave length, but usually T does not change appreciably
over the small spectral bandwidth for which the intensity matrix (2.1) applies.
The intensity matrix also depends on the direction that the radiation is

flowing; ¢ represents the azimuth and p = cos 6, where © is the angle measured
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from the positive z-axis. Since it is convenient to use the absolute value

of u in many equations that will be given, u will be restricted to positive
values: 0= u<= 1 To do this, radiation flowing fram the upper to the lower
boundary, inwards, will depend on -1, and radiation flowing outwards will

depend on u.

The Stokes parameters have a physical significance-that depends on a
local coordinate system. A useful coordinate system is constructed as follows:
consider an arbitifary pencil of radiation. Pass a plane perpendicular to the
lower boundary of the atmosphere through the pencil. Such a plane will be
called a vertical plene. Introduce two unit vectors ’g' and r, vhich are
parallel and perpendicular, respectively, to the vertical plane. Furthermore ’
let the vector cross-product rx é point in the direction that the radiation
is flowing. Then the Stokes parameters -IL and Ir are the values of the
intensities in the two planes comtaining the pencil of radiation and £ and

r, respectively. The total intensity is obtained by adding I,& and Ir:
~

I=1I + ;L . (2.3)

The inclination of the plane of polarization (X) from z is given by the

equation

U
tn X = gl (2w




The ellipticity of the light depends on the parameter V. However, V = O for
the models of atmosphere and groimd reflection that are used here, if the
external source of radistion falling on the atmosphere is unpolarized, as
will be assumed in these computations. Therefore, the parameter V will

not be needed.

The degree of polarization (P') is defined in terms of the Stokes

parameters by the following equation:

1/2
(T - 1)2 4+ 0% + v
P' = [ r” 2 ; * ] . (2.5)

In some important cases U = V = 0; then ancther quantity, given by the

relation
p-r_L (2.6)

is more useful. The absolute value of P equals the degree of polarization.
The advantege of using P rather than P' is that the sign of P gives the
orientation of the plane of polarization. Since Eq. (2.6) is used only vhen
U = 0, on these occasions the plane of polarization is either perpendicular

or parallel to the vertical plane that passes through the pencil of radiation

being considered. P is positive or negative according to whether the plane

of pola.rizatioﬁ is perpendicular or parallel, respectively, to the vertical
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plane. The quantity P will be called the degree of polarization; and the

degree of polarization will be called negative when P is negative.
2. Atmo e

The model atmosphere that is used for the computations is vcomposed
of non-absorbing particles that scatter 1light according to the Rayleigh law.
All characteristics of the Rayleigh law can be obtained from the follqwiﬁg
relation between the intensity matrices of fhe,scattered (‘1(')) and incident

pencils (I) (see R.T., p. 37-39):

1 8) cosz® 0 0 0
)
RO Ifs) L 0 1 0 ° lr, (2
u 0 0] COS@ 0
V(s) 0 o 0 cos ®

vhere the incident pencil is confined to the solid angle dw, and ® is

the sngle between the directions of propagation of the pencils of the
incident and scattered light. 1In Eq. (2.7) only, the f and r vectors are
parasllel and perpendicular, respectively, to the scattering plane, which
contains the two pencils of incident and scattered light. In order to review
the characteristics of l.'Lght scattered according to the Rayleigh law, let the
4ncident light be unpolarized, that is, I = -}é (1, 1, 0, 0). Since ule) _ 0,

the plane of polarization of the scattered light is either parallel or
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perpendicular to the scattering plane. The plane of polarization is perpen-
dicular to the scattering plane; since I%/s) ~ cosz® and If.s) ~ 1, then
I(LS)S Iis) . The degree of polarization of the scattered light is given by
the expression P = sin2® 1+ c052®)-1; the degree of polarization is
zero for forward and backward scattering and is 100 percent in a direction
perpendicular to the incident pencil. The total intensity of the scattered
light (I(s)) is proportional to 1 + cosz® ; hence, the intensity of the light
scattered perpendicularly to the incident pencil is one-half of the maximum

intensity, which occurs in the forward and backward directions.

The intensities of Rayleigh scattering (I{v“i), Il(_s)’, I(s)) depend on
vave length, vhich enters into Eq. (2.7) through the optical thickness dt( A).
According to Eq. (2.7), the intensities are directly proportional to the

optical thickness, vhose equation for a gaseous, non-absorbing atmosphere is

L

3 2
at( ) = 8’3‘ (@® - 1)° , (2.8)
AN

vhere m is the index of refraction of the gas (R.T., p. 38). (The Rayleigh
theory need not be restricted to gases, but is wvalid also for small spheres
whose index of refraction is near one.) If the index of refraction is
independent of wave length, the optical thickness, and therefore the intensi-
ties, are inversely proportional to the fourth power of the wave length, a
well-known characteristic of Rayleigh scattering. In the case of the gaseous

part of the earth's atmosphere, for example, the index of refraction depends
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only slightly on wave length.m Hence, the intensities of the light that is
scattered from a small mass of the earth's atmosphere are very nearly propor-

tional to the inverse fourth power of the wave length.

Other specifications of the model atmosphere are introduced now. The
model atmosphere is assumed to be plane-parallel; that is, the physical
properties vary only in the vertical (z) direction. The radiation parameters
do not depend on horizontal coordinates, but only on the optical thickness, which
is a function of height. Furthermore, the model atmosphere is homogeneous,
because the phase matrix and sbsorption cross-section, which equals zero, are
independent of height. Each particle of the model atmosphere is assumed to
scatter light independehtly of the others. in order to add the Stokes parameters.
The model atmosphere is bounded on the top by a vacuum, and on the bottom by a
surface that reflects the light incident on it according to Fresnel 's lawv.

Only light from above is incident on the lower boundary. If the light inci-
dent on the lower boundary is not reflected up into the atmosphere, it is lost

to the radiation field.

The model atmosphere thai; has Just been given deviates more or less from
those planetary atmospheres whose compositions are known to some extent, even
vhen the sphericity of the true atmosphere can be neglected. First, the known
planetary atmospheres are believed to contain particles that do not scatter light
according to Rayleigh's law. The phase matrix for such particles is more
complex than the Rayleigh phase matrix and make the computations for the charac-
teristics of the scattered light more difficult. Second, true :blanetary

atmospheres are not homogeneous, even in the vertical direction: +the phase
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matrix, scattering and absorption cross-sections vary with respect to height.
The techniques that will be used later to find a solution for the intensity

matrix of the planetary problem can not be applied to inhomogeneous atmospheres. -

3. Reflecfion lavs at the lower boundary

The computed radiation parameters will be compared for the two cases
that the ground reflects the incident light according to Fresnel's and to

Lambert's law.

Light is reflected from a surface according to Lambert's law, when
the reflected light is unpolarized and of equal intensity (I) in all directions
towards the outward hemisphere, regardless of the state of polarization of

the light incident on the surface.

Fresnel's law of reflection will be used here only when the medium
below the boundary is a dielectric with an index of refraction m. The atmos-
phere has already been given the properties of a dielectric » whose index of
refraction is now assigned the value of one. The deviation from the true
velue is less than 3 x 10‘1‘ for the earth's atmosphere and the visi'blle spectrum.
When 1light is incident from sbove onto the lower boundary, the characteristics
of the light reflected according to Fresnel's law are: the pencils of inci-
dent and reflected light-lie in the same vertical plane; the zenith angle
of the reflected light equals the supplement of the zenith angle of the
incident 1ight; and the matrices of the reflected light (ng ) and incident

light (‘E) are related by a reflection matrix (R) as follows:
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lagé 12’
VIS)l
I
T2 (e .00 = G RS R SRR (2.9)
g
Ve
11(#5 = R(u) q“(n) 0 0 0
0 1 0 0
0 0 a(u) 0 p (2.10)
0 0 0 a(u)
1/2 2
R(U-) = B - (mz =12 u2)l ) ’ (2-11)
u+(m2-1+u2) /
2 2 . 21/
qlu) = 1=t -um ‘1“‘)1/2 . (2.12)

1 -uZ s pm? o140

The arrows that are introduced in Eq. (2.9) are redundant, but they eliminate

any uncertainty about whether the radiation is flowing upwards or downwards.

The intensities and degree of polarization of light that would be
reflected upwards from a surface according to Fresnel's laws (Eq. (2.9) are
shown on Fig. 1. The ratio of the indices of refraction of the lower to the
upper medium is m = 1.346, which is the index of refraction of some sea
waters at the wave length )U-L36h R. The light incident on the lower medium

is unpolarized and of intensity I = 1. For nearly normal incidence , only
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two percent of the incldent light is reflected, and it is nearly neutral. As

the angle of incidence increases, the reflected light becomes partially, plane

*
polarized, and eventually becomes completely polarized at the Brewster angle;

but only 4 percent of the incident radiation is reflected at the Brewster
angle. As the angle of incidence increases beyond the Brewster angle, the
total intensity rapidly increases to one and the degree of polarization

decreases to zero at i = 90°.

* The Brewster angle occurs at the angle of incidence where ?Ig LA =0. On
Fig. 1 the Brewster angle = 53.40 .
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The light incident on the lower medium -is
unpolarized and of total intensity I = 1.
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B. Equations for Radiation

1l. Boundary conditions

The model atmosphere is illuminated by an external source of
parallel, unpolarized radiation thaet is incident on top of the atmosphere

in the direction - , {)o. The matrix of the incident flux is given by

F
)

b4 E (-i-loy¢°) = —2_— . (3-1)

O O I

Hence, n Fouo units of flux flow through a ho:;ir.z;ntal surface at the top of
the atmosphere. The reduced incident flux, e 1 © x F (1 ,8.), vill be
distinguished from the diffuse radiation, or airlight, which arises as a
result of one or more scatterings. Since no diffuse radiation flows into

the top of the atmosphere, the boundary condition on the diffuse radiation is

b(o;u,9 -4) - 0 , (3.2)

vhere ¢ -¢ indicates the azimuth relative to the azimuth (¢o) of the
incident flux.

The bottom of the atmosphere is illuminated from below by the
radiation that is reflected from the lower boundn:y. Therefore, the lower
boundary condition is specified by the matrix T;('rl;u,t»o-@ ETIg ( ‘l'l;u,¢) o-¢))

which has already been given by Eq. (2.9).
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The intensity matrices of the radiation passing outwards from the
upper boundary, or flowing downwards at the lower boundary, are simply
related to the boundary conditions by means of reflection (S) and trans-
mission (T) matrices, vhich were first introduced in R.T., Chapt. 1. At
the upper boundary, the equation for the intensity matrix of the upward
flowing radiation is

T (03,0 -9) = h‘—f Sty susbsm ) E (1 9,)
-1, /)

+¢Ig('1;“’¢o'¢) . (3.3)

3.3

1l 2n
+1%‘[¢£ Ty sk,h5m'59)

x*_I_g(flsu',(b')m'dt#' :

The first term on the right of the equation represents the Stokes parameters
of the incident radiation that is scattered out of the atmosphere through
the upper boundary before the radiation reaches the lower boundary. (The
dependent variable notation of the S matrix, and similarly for the T matrix,
indicates that the incident radiation is coming from the direction -uo,¢o
and leaves the upper boundery in the direction u,$; the S and T matrices
also depend on the total optical thickness of the atmosphere (1'1) .) The
second term on the right of Eq. (3.3) represents the characteristics of the

radiation that passes directly from the lower boundary to the upper boundary
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and experiences no change other than attenuation. The last term represents

the characteristics of the radistion that leaves the lower boundary and is

scattered at least once by the atmosphere before it finally emerges from the

upper surface in the direction, u,$.

At the bottom of the atmosphere the intensity matrix for the inward

flowing radistion is given by the 'equation

b0 = i T (rubin b)) Bl ,00)
1 2=
1 ) |
+ ey ‘L jo §(‘fl;u,¢;u ’¢ ) (3.4)

x Tls (tsm'0,-¢") au'apr .

-Tl/ llo
, augments the radiation when the .

The reduced solar flux, = F( -uo¢o)e
direction -, = —uo,¢°. The first term on the right of Eq. (3.4) represents
the direct sunlight that has been scattered at least once, and only by the
atmos;:herg , before it reaches the lower boundary. This term, and also the
first term of Eq. (3.3), are independent of the reflectivity at the lower
boundary. The second term of Eq. (3.4) represents the radiation reflected
from the ground, or the illumination of the atmosphere from below, that is

reflected back to the lower boundary by the atmosphere.

2. Analysis of radiation at the lower boundary

This section is subdivided into three subsections. In the first

section an equation that can be used to compute the first term on the right
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side of Eq. (3.4) is given. An equation for the second term is given in the

second section. The equations for the albedo and fluxes are given in the

third éection.
a. FPirst term

Introduce the following matrix for the first term:

VI 0050 = i B0t b0 F(u 0 ) (3.5

The T matrix is given in R.T., p 253, Eq. (122). When the T and F (Eq. (3.1) )

matrices are substituted into Eq. (3.5), it becomes

1,(1?) (1,151)

(v 5,0 -9) - If,°)(u,u°:1) - u, I%l)(u,uo)_li(l) (41,0,-4) |
0 , ] (3.6)

+ DI w0 02D '(40,0_-0)

The matrices that give the azimuthal dependence are defined by the following

expressions:

' | u cos(¢_-0)
2 '(u,0,-0) - 0 , (3.7
- sin(¢_-9)

' -1-12 cos 2(6_-9)
(2" (1,0,0) - cos 2(0_-0) | . (3.8)
21 sin 2(¢0'¢)
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me 1), 1(9), 1), 1

L’ Ir functions are not the same as those that appear in

R.T. The definitions of these functions are as follows:

). . | |

I sa(n) 3F u

£ [u"1 1 o ,

‘ o’ Mo ] - S uc:uo [§_2(u)§1 [uo,q(no)]

1.2 [ satu)] (3.9)

' -_§1(u)§é[uo,q(uo)]] ;
W) V2 () (u) )
5,(k) = (W " e ) s 8yu) = fu VG ); (3.10)
X V2'¢w olu) Vz' o)
2
. q“(n) W(u) + X(u)
s; [un,alw)] = )
5 | } (V’z’[q"’(umu) + Cw]
(3.11)

| ) & () . S (u)
S5 [waW)] - .
2 [‘1 anw ] (\ﬁ_‘ [qz(u)ﬁ\(u) + 9(11)])

The quantity q can have the value given by Eq. (2.12), or it can be assigned
the value one, independent of p , 88 in Eq. (3.6). Later, beginning with
Eq. (3.26), a tilds appears over the matrices that are given by Eq. (3.10)
and indicates their transpose. The eight functions that are introduced in

Eq. (3.10) are defined in R.T., p. 269. The equations for the two other

functions that appear in Eq. (3.6) are
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3P 1/2
P wn) = g2 [eD0ud] " [P

B, (3.12)
- XDy )]
(2) 3 ¥ [4(2) 142 (2)(,1¢@)
2w - 2y [P x P - xPar®e)] - Gas
(o

he x(D, 1Y) punctions (1 = 1,2) are defined in R.T., p. 253, Eq. (124). The
tv:elvwe' scattering functions introduced into Egs.(3.10),(3.12), and (3.13) are
al:s: ;lependent on the total optical thickness of the a:tznosph_ere ('rl) . Equations
using the T matrix, such as Egs. (3.9), (3.12), and (3.13) are indeterminate in
the direction p = Hoe Wherever this indeterminancy appears in this analysis,
the quantities can be evaluated by using L 'Hospital 's rule and taking Jjust

‘the first. derivatives of the numerator and denominator.

b. Second term

The second term of Eq. (3.4) represents the radiation that is
reflected from the lower boundary and then scattered by the atmosphere back
down to the lower boundery. This term will be represented by the following

intensity matrix:
1l 2x

(ref1), . 1 .
D 0,00 - [ | st p ML pae G
where the S matrix is defined in R.T., p. 252, Eq. (122). The radiation that

is reflected from the lower boundary can be separated into three different

components: the first is the reflected incident flux, the second is the
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reflected diffuse radiation that has not reached the lower boundary before
its first reflection, and the third is the reflected diffuse radiation that
has previously been reflected from the lower boundary before being scattered
back down to the'lower boundary. As a consequence, the intensity matrix

"Ig('l'l;u +s9) can be expressed as the sum of these three reflected components:

T}g(‘tl;u,¢) = ("1:U~,¢) + I (‘l’p"¢) + I ('lyl-'-;¢) . (3.15)

The equations for each one of these matrices are:

ng,l("l;“o""o"?o) = 7 R(u) F ("‘o"#o)e-Tl/uo (3.16)
vhere the reflection matrix R is given by Eq. (2.10) ;

T_I_g,z(fl;u,tbo—(#) = R() J'I(Tl;-u,%-@ (3.17)
vhere "_I_ is given by Eq. (3.6) ;

T ) = B VI e ) (3.18)

vhere J.Iéreﬂ) is given by Eq. (3.14). Each of these three components of
reflected radiation will make separate contributions to ¢I;ref1) :

) (0,050 =¥ g )

(3.19)

\L-I-g;ﬂ)(fl; +0,-9) + hg;ﬂ) ()5 4595-9)
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Any of the matrices on the right side, say l'}( refl) , can be obtained by

substituting I

for the firs

¥ (ref'l)(_r

where

Ty D[k
IR( )[u,u

IR( )(u,u ) = BT——)'“ [(l-u Y(1-u )]

Iiff) (u,m )

W(i)(u,uo) =

= o [1
o 32(u+1_)

()
8,1

t matrix is

1;‘”}1’ ‘¢) = R(“

sq(n )] 3F p
=32 e

sq(u )]

3F

o]

for Tlg in Eq. (3.14).

XD x ) -

8,1

(o) .
) l/uO I?); [ u,uo’q(uo)]
- .

I:E;) [u,uo;q(uo)]
+ I,}}Ei) (u,l-‘-o)_l_,_(l) '('u-;¢o'¢)

+ I:Ef)(u,uo)?_( 2) '(-u,¢o-¢’) ’

[ (68 [0l )]
- 8,(n)8; [uo,q(uo)] ] ,

1/2
qz(uo) W(l)(u,uo) ’

- ufqz(uo) ] w(@) (uymy) ’

), 1= 1,2

When one does this, the equation

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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The second component of Vbléreﬂ) is given next by the equation
5 ) )
L 2 M
J'I(reﬂ)(‘t s MLy - ) = ’
~g,2 134054 IR(O)(u )
r,2 "o
+ Iﬁf?(u,uo)g(l) (,4,-9) (3.25)
+ 5D 02 (00,
where
IR(O)(u M) 1
2,2 V" "o
’ _3 M'R(l-l') S '
2 (ksm.) . (3.26)
_ Q%) 19 (' 51)
; _S_z(u)_&‘-_z(u')] ',
If.o)(u',uo;l)
/2 (N e 1/2
IEE;)(H,HO) = - % uo(l-uz) L “'RS:“).Q(“ ) [1 - (u')z]
x[1 - 20w W))W ) (3.27)

x I,(zl)(u')uo) du’ 2
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D) = 35 1)) j wmur) 2w ‘i(“')]

e (3.28)
x w? (THTRY If.z)(u',no) LT
The third component of L;émﬂ) is given by the equation
15 (i)
br (= (g ) - + 5w )2 (0, -0)
I§S3)(u,u ) -
(3.29)
+ Il;fg) (u:uo)_P_(Z) '('U-;¢o"¢) ’
where
IR(O) , T _
G o O
r“(°)(u u) o MWL ITE
r,3 ‘Bt | (3-30)
a%u") D3 (" )
- 8,18 ( ')] a',
2 (o)(u R )
R(1) 3 22 e
0,3 () = - 5 (14%) jo T [1 () ]
x q) [1 - 2] (3.31)

X w(l) (u:p " D/(&l) (u ',P»o) du’ P
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2
B (0 ) -—gf WRG) 1 u) Zg(un]

(3.32)

x W(z)(u,u') Df.z)(u',uo) du

The D-functions that are used sbove are introduced in & particular

equation for ,Lzéreﬂ) . Because the form for the intensity matrix for
radiation that has been reflected by the ground and scattered by the atmos-

phere back down to the ground has already been established by Eq. (3.25),

the equation for J,Iérefl) can be written as
25 (u,m )
o (0, = | 2l ) [0 w0 02D (89
0

(3.33)

+ 282, )R ()

When this equation is substituted into Eq. (3.19), along with Eq. (3.20), (3.25)

and (3.29), then it is seen that
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25 (um) 1M 55 [wgiate I, (o)(*"“ )

=e R(u )

D£°)(u,u°) : In;fl) [u,uo,q(uo)] If.fg) (u,uq)

+3 j “uig‘f ) [Sl(u)'é'l(u') - _S_z(u)gz(u')]

(3.34)
a®(u) B{ (")
X du’ ’
Df,o)(u',uo)
(1) % IR< ) Q)
D, (usmy) = - e R(u) (o) - (kyu )
1/2 1 /2
3 1 2 u 'R u’) 1_f 1y 2 ' .
rfaad [ER LW G
x [l - Z(u‘)zq(u')]W(l)(u,u')Dg)(u',uo)du' ’
..1/
Df.z)(u,uo) _e o R(uo)liff)(u,uo) + I:E:)(u,uo)
(3.36)

1
+%Bj u_u'_l%g_l[ (T q(u')] w2 )(u,u')D(z)(u IR L TR
[o]

The integral term in Eq. (3.34), (3.35), and (3.36) accounts for the
characteristics of radiation that has been reflected from the ground at least

twice before being scattered back to the ground again by the atmosphere.
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These equations are Fredholm integral equations of the form

1 |
£.(x) = £(x) + f aboy)t, ey, n=1,2,3... . (3.37)

)
Equations (3.3%4) - (3.36) satisfy the conditions that permit a convergent

. 1
solution to be obtained by successive iterations. 6 Hence, these equa-~
tions will be computed by successive iterations a sufficient number of

times to obtain four significant figures for fn(x).

c. Albedo and fluxes

The monochromatic albedo will be defined as the ratio of the
upward to the downward radiant flux through a horizontal surface.
(ty5m)
Y2Fe. .
z (‘l’uo)

Ag (tm ) = : (3.38)

The flux can be separated into three coamponents that correspond to the
components that were introduced into Eq. (3.15). Hence » the equation for the
downward flux can be written as

F 3
3 (7y5m,) ='1?l(‘fl;uo) AR ACMY +133(Tl;uo) . (3.39)
The equation for the ﬁrét component, or the reduced solar flux is

-t /u ,
*71(11;410) =nFue e | (3.10)
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The equation for the second component is obtained by adding the "‘J:'L and 'LIr
terms of Eq. (3.6), multiplying by u, and then integrating over the downward
hemisphere. Only the azimuth independent terms remain after the azimuthal

¢
integration, and the expression for }2 becomes

byl :
i3‘2('f1;uo) = ijo [

Similarly, the expression for the third component of flux is obtained from

ISQO)(u;uo;l) + If,o)(umo;l)J TR, TR | (3.1)
Eq. (3.19):

T fu 1l
&%(Tl;uo) = 2x R(u e 1 u°j {I'R( )[u,u ;q(u )]
(o]

(O)[u,u ,q(u )]} Modu + 2x[ [IR(°)(u,u ) (3.42)
BP0+ G ) « D) | v

Another expression for L}3 is obtained from Eq. (3.33):

1
J33(11;%) = an [D%)(u,uo) + D£°)(u,uo)} T TR (3.43)
(o 3

The flux 433 includes only that radistion which has been reflected from the

lower boundary at least once.

The equation for the upward flux is obtained from Eq. (3.15) and

found to be
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- /l-l
T;(Tl;uo) = % F u R(u Je 1 °[1 + qz(uo) ]
1
+ 2xf uR(u) [qz(u) I}f’)(u,uo;l) + If.o)(u,uosl)] dp
o (3.h4)

1
+ Zarl uR(n) [qz(u) D)(Z)(u,uo) + Df,o)(u,uo) ] TR

3. Upper Boundary

The intensity matrix for the radiation flowing outwards from the
upper surface has already been given by Eq. (3.3). This equation can be

vritten more compactly as

'r;[.* (0;“’¢0-¢) =’rI (O;u)¢o'Q) +T_:£gtran8)(oﬂl)¢o'¢) » (3.45)

where Tl represents the first term, and 'rlétrans) represents the remaining
two terms on the right hand side of Eq. (3.3). This section will be divided
into three parts: one for the first term and one for the second term on
the right-hand side of Eq. (3.45); the third section will contain the

equations for flux.
a. First term

The equation for the first term on the right-hand side of

Eq. (3.45) is
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1}

T2(03u,0,-9) = 5= 80734, 05m_,8,) Fu_,0)

IIEE:) (kn51)

"

I?,S;) (l-l:lloil) (3.46)

3 FOuO

1/2 ' .
+ 3y { - o [@eD D] WO w0 p ) u0,-0)
5 ,

+ QDD (0 12D (09 }

b. Second term

The equation for the second term of Eq. (3.45) is

1 ¢(trans) %

5 (O;U;¢o"¢) = ¢Ig(11;“’¢o-¢)e

(3.47)
1 2x

+E'1m7fo l T(ty 5,050 '50") Tlg(fl;u':d’o-@')du'dq:' .

This equation can be separated into three parts, each part being associated

with the three parts of/r_I_g('rl;u,%-q)) (Eq. (3.15) ); that is,

Tlém)(();”"bo'(v) __.’I‘Igf{ans)b;u,Q)o-M +T£g;12.ans)(0;l1;¢o'b)

1 (3.48)
+ zggm)(o;u,%-w




LG 56008 LRU=000"
ge 31

The first part is obtained by substituting 128 l(rl;p, ,¢o-¢) (Eq. (3.16) for
2
Tlg(fl;u,%-@ in Eq. (3.47):

A -T
TI(trm)(O;u,%-‘?) = R(u e 1

/ Hy I%) [u ’p‘o;q»(uo)]
=g,1 I(o
T

)[u,uosq(uo)]
(3.49)

+ 1,02 )T G 2 (a0 -9)

+[1 - Gugate) I2] TP )22 ", 4_0)

When the radiation is flowing in the direction "o’oo’ the effect of the
reflected direct sunlight that passes directly through the atmosphere must
be added to Eq. (3.49); this term is
qz(uo)
°l 1 . (3.50)
0

-2T /u.
14 1
3 Fo R(uo)e

2, (trans)
The equation for ;[-g 2

b4

is obtained by substituting T_I_g » (Ea. 3.17)
2

for TT_ in Eq. (3.47):

or I q. (3.47)
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U (m)(o,u,¢ -§) =e uR(u)

where

K(u,u') =

LABTLE002 -1 000"
“age” 3¢’

a%(n) (0)[u,uos1]

o]

- TP G )aED  (qlu) ,6,-9)

+ BT 0 )2 (uqlw) ,0,-0)

1
+%Lu'R(u')§(u,u')

§2(u " I,(é)) (u'5m 51)

10t 1)

a L
- -i.i-L R(k')q(un") [l-z(u')zq(u')]

X

+

X

I,(q}) (u,u ')Igl) (IJ- ';IJ-O) du' _E(l) '(u,¢o'¢)

2(1-u2)

- fR(u')[l(u') ]

o]

It ) ant 2D 09

§2(u)§l(u " - §1(u)§2(u 9
Ho-u'

au!

(3.51)
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’r (trans)

The equation for L3
)

1s obtained by subs'bituti.ng'};[_g 3 (Eq. 3.18) for
3

*
;g in Eq. (3.47):

. /“R q (u)D(°)(u',u°)

1 . (trans -
Xg,3 )(‘0;"’4)0-” -e VT 2{®) (it )
r o

- 28D G e (uglu) ,4,-9)

+ 202w 22 ' (uq(u) , 6 )

1 o Z(n ')D(go) (1 '5m,)
+ %f TR :{(TR)) ((TPTR) W
o D(°)(u',u )
r (o]
(3-52)
.lF_j R(u')q(u') 1-2(u") q(u')]
oJ,

x 19 P e XM (0 9)
1 2
+ %] R(n") [l-(u')ZQ(u')]
o“0

x 11(.2) (TR ')Df-z) (n ""o) du ! 2(2) '(u,¢°-¢)
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c. Fluxes

The downward flux on top of the atmosphere comes only from the

direct flux, and the equation for this flux is
¥
Flom) =xFpu . (3-53)

The upward flux can be separated into parts: one part is the radiation that
is reflected from the atmosphere before it reaches the lower boundary and the
other is the part that has been reflected from the ground before emerging

from the top of the atmosphere. Thus, the equation for the upward flux is
T T |
o - T2om) + Moy (3.5)

T .
The equation for the flux ?2 is obtained by adding I, and Ir of Eq. (3.46),
then multiplying by u, and integrating it over the upward hemisphere to get

1 ,
’P.?Z(O;uo) = thj 1 [li(ﬁ)(u,uo;l) + Iﬁff)(u,uo;l) ] u . (3.55)

(o]

The flux T}; can be separated into three components, which correspond to

the three parts of ’r‘:_[étrans) (Eq. (3.48) ), to obtain

Tromg) =2 Jomy) + 12, Jom) +M2, Jom) . (.

¢
The equation for ?3 1 is obtained from Eq. (3.49) and (3.50) and is
b4
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nF -2, /u
F a0 = 52 wR)e T () +1)
1o [ [ (o)
+ 2n R(uo)e °l n [Ii [u,uo;Q(uo)] (3.57)

+ II(.°)[“’“Q;Q(“0)] ] au .

1
The equation for ]’

1—‘1’

/i
3'3,2(0;;10) = 21“[ e 1 uu R(w) [qz(u)Iff)(u,uo;l) + Il(_o)(u,uo;l)] au

is obtained from Eq. (3.51) and is

1 @2 TE (' 51)
+ —3-"f mn duj p RS | K(u,ut) (3.58)
o ) I£°) (u'yu_51)

- £

a2 1) (u "1 51)
+ K(u,u') au',

() P
5 Ir° (u'm51) il

where the subscripts l and r indicate the first and second rows respectively

of the columnar matrix that is given by the product matrix within the square

T
brackets. The equation for }

3,3 is obtained from Eq. (3.52) and is
’
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Lt
7 sosmg) =2 [ we VR [P0y + 5y |

1 a%(u )0l ()
W f ut R | KGu) (3.59)
° ° DI(.O)(F',IJO)

- :/?'
( a%(u ')D(°) (TRFTHR
+ | K(u,u') du !
DI(,O) (TR o)
- e

Because no radiant energy is absorbed in the model atmosphere
that was specified in Section II,B, the flux of radiation into the atmosphere

through its boundaries must equal the outgoing fluxes; that is,
o) + M) Mo +¥H ) (3.60)

The flux balance provides one check on the computed accuracy of the azimuth
independent terms. The ratio of the flux balance to the incident solar

flux is given by the relation

HHom) MKy - om ) - Y )

e(t;u) = (3.61)
1% i3’(0;;10)

The deviation of € from zero is one measure of the accuracy of the computations

and will be computed for this purpose.
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ITI. COMPUTATIONS

The steps that were followed to compute the radiation parameters will
be given. The computational routine is not reproduced here, since it was
developed for a Control Data Corporation Computer 3600; and this routine
can not be modified by a computer for use on International Business
Machines' computers. However, a copy of the routine can be obtained from
R. S. Fraser. The second part of this section will discuss the accuracy

of the basic input data and the accuracy of the computed data.

The computational routine was developed and the computations were
done at the National Center for Atmospheric Research in Boulder, Colorado.
Mr. W. H. Walker programmed the routine. Dr. J. V. Dave made many sug-
gestions which simplified the routine. He also computed the basic data
that were used for Fraser's computations. The National Center for Atmos-
pheric Research provided without charge to this Contract (No. NAS5-3891)
essentially all the computational facilities that were required. Dr.
Dave's and Mr. Walker's skilled hélp, plus NCAR's generous assistance,
removed many pitfalls that were not anticipated by the author before he

commenced this study.

A. Computational Routine

1. Input data
The computations used certain input data, which were read into

the computer initially. These data included Chandrasekhar's twelve scat-

tering functions: W , &, P 3, g R\ Y\, o, x:(l)’ X .(2), Y(l), Y(Z).
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These functions were supplied by Dr. Dave. The derivatives of these
functions were part of the input. Errors appeared in the numerical cal-
culation of the derivatives and will be discussed in Section III.B.,
which is concerned with the accurary of the computations. The errors
were detected and corrected by taking the derivatives separately. If
the numerical derivations had been performed as a sub-routine of the
main computational program, the errors might not have been discovered.
Three other functions -- E(-rl), X(l)(u), and }51('1)(;1) -- were supplied
by Dave and included in the initial input data in order to make the
computations for the lambert model. The finmal input datum was the index
of refraction, which is required to compute the Fresnel reflection charac-
teristics (Eq. (2.9) - (2.12)). The computational routine generated all

other data that were required.

2. Computational procedure

The effect of Fresnel reflection will be discussed in terms of
the total intensity and degree of polarization in the vertical plane of
the sun, and also of the flux. These three quantities can be computed
from Ig_ and Ir s 1f these two parameters are known throughout the verti-
cal plane of the sun. The total intensity and degree of polarization are
computed from Eq. (2.3) and Eq. (2.6), respectively. The azimuth inde-
pendent terms of I, and I_ are used in Eq. (3.39) - (3.41), (3.43),
(3.54) - (3.59) to compute the flux quantities. Hence, Il and I are

the basic parameters that were computed for this study.
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The computations commenced by reading into the computer the basic
input data for only one optical thickness ('rl). The quantity representing
the orientation of the incident flux, or the position of the sun, Hys Was
fixed. The radiation parameters at the bottom of the atmosphere were com-
puted first; the Il - and I - elements of the matrix given by Eg. (3.4)
were computed for this purpose. The first term of Eg. (3.4) is given by
Eq. (3.5), and the necessary auxiliary equations are included within Eq.
(3.6) - (3.11). The second term of Eq. (3.4) is computed from Eq. (3.33).
The auxiliary equations for (3.33) are (3.3%) to (3.36). The most diffi-
cult part of the entire computation is to find numerical solutions to the

integral equations (3.3%) to (3.36).

Equations (3.3%) to (3.36) were solved by the method of succes-
sive iterations, as indicated by Eq. (3.37). The same method was used for
each of the three Eq. (3.34) - (3.36) and can be illustrated with just
one of them, say Eq. (3.34). The zeroth order solution was given by the
sum of the two matrices that are outside the integral. The separate
matrices were computed from Eg. (3.21) and (3.26). To make the first

iteration, the I, - and Ir- components of the sum replaced D{é_)) and DI(_O),

L
réspectively, in the integrand of Eq. (3.34). The integrand then con-
tained the quantities IEZ) and I§°) (Eq. (3.9)), which are indeterminate
at p = Mo because their numerators and denominators are zero. The
values of I(z) and II(_O) at u = uo are obtained by applying L'Hospital's
rule and making only one derivative of the numerator and of the denomi-

nator to obtain the expression
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Whenever functions were indeterminate at u = “o » and this is the only place
where they were indeterminate, the value of the indeterminate function was

found by applying L'Hospital's rule just once.

The integral equations such as Eg. (3.34) were iterated until
successive ﬁterﬁtions agreed in the fourth place to the right of the deci-
mal point. The number of iterations that were required increased slightly
with increasing optical thickness and increasing nadir a.ngle.‘ When the
index of refraction of water was used, with the result that the ground
albedo was roughly 0.1, and when the optical thickness was small
('tl = 0.02), not more than three iterations were needed; when the optical
thickness was large (‘tl = 2.0), not more than four iterations were re-

quired. When the ground albedo was increased to 0.61 (with 7, = 0.50

1
and O = 66.4°) by increasing the index of refraction to ten, not more
than six iterations were needed to get the solutions to agree in the

fourth decimal place.

The downward flux at the ground for the Fresnel model was com-

puted separately for six streams of radiation. These fluxes were added
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to give the total flux (Eq. (3.39)). The six streams and their flux
equations are: the reduced solar, or incident, flux - Eq. (3.40); the
flux of airlight that has not been reflected from the ground - Eq. (3.41);
the flux of airlight that is composed of direct sunlight and airlight

that have been reflected from the ground and then scattered back to the.
ground by the atmosphere - Eq. (3.43); the latter stream is subdivided into
three more streams, whose fluxes are given by the first integral on the

right-hand side of Eq. (3.)-&2) » and also the second integral, which gives

the two flux quantities
2x : R(e) (w, 1) + IR(O)(u w)f{mdn, i=2,3
A Q,i N r,i > By K 7] y)

All the flux quantities, with the exception of the reduced solar flux

(Eq. (3.40)), are given by integrations, which were done numerically.

The radiation parameters were computed also for the model with
ILambert ground reflection. This can be done easily by replacing the

second term on the right-hand side of Eq. (3.4) with the following

maﬁbrix:(refl)L 7\5(1'1’ H,) Fo 1
V1 (135 -1 g -9)= OF —
g °© N [l - 7\0 s('rl)]

<[P+ 1 WX

-3 W]

A )
[1 - X(i) (u)]
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which is given in R.T., p. 279, Eq. (234) and (236). The ground albedo
(7@1), which is used in this expression, is computed for the Fresnel model

(Eq. (3.38)).

Following the computations for parameters at the bottom of the
atmosphere, the radiation quantities for the top of the atmosphere of the
Fresnel model were computed. The IQ_' Ir- components of the intensity
matrix were computed from Eq. (3.45). The first term of Eq. (3.45) was
computed from Eq. (3.46). The second term was computed from Eq. (3.48).
The three intensity matrices for the three streams of radiation indicated
by Eq. (3.48) were computed and tabulated separately. The equations used
to compute these three intensity matrices were Egs. (3.49) to (3.52). The
Dy- and D - functions, which appear in Eq. (3.52), were already stored in
the computer memory, since they had been computed previously for the

bottom of the atmosphere.

The upward fluxes at the top of the atmosphere for six streams
of radiation were computed separately for the Fresnel model. The total
flux was computed from Eq. (3.54). The first term on the right of Eg.
(3.54), the flux of airlight that has not been reflected from the ground,
was computed from Eq. (3.55). The second term on the right of Eq. (3.5k4),
which represents the flux of radiation that has been reflected from the
ground, was computed from Eq. (3.56). The stream of radiation that is
reflected from the ground can be subdivided into three components, which

were computed from Eq. (3.57) to (3.59). In all cases the fluxes were
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obtained by integrating the total intensity times cos © = 1 over the up-
ward hemisphere. The azimuthal integratior eliminated the first and
second harmonic terms of the intensity. Hence, the flux depended on only

the azimuth indeépendent terms of the intensity.

The flux balance error was computed from Eq. (3.61). This com-
putation served as a check on the accuracy of the computations for the
azimuth independent terms of the intensity at both the bottom and top of
the atmosphere. The flux balance was not in error, when the index of
refraction of water (m ~1.35) vas used. However, a few computations were
made for m = 2, 3, 4, 5, and 10, and with two optical thicknesses of T, = 0.05
and 0.50. Unexpectedly, the flux balance error increased with increasing
optical thicknesses and with increasing index of refraction. The maxi-
mum value of the error was 0.0l and occurred at T, = 0.50, m = 10, and
OO = 66.h°, the only solar padir angle for which the computations were
made at large index of refraction. Since the error is not present at
small m, the computational routine would not seem to cause it. A small
source of error may be present in the numerical values of the twelve
scattering functions, which are part of the basic input into the com-
puter. The possibility of error in these twelve scattering functions
should be investigated, 'since these functions are frequently used by

scientists who study radiative transfer in Pplanetary atmospheres.

The radiation parameters at the top of the atmosphere for the

Lambert model were needed for comparison with the Fresnel parameters,
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since the comparisons were made as part of the computational routine.

The Lambert intensity matrix was easily computed by replacing T;étrans)

of Eq. (3.45) with the following matrix:

F
(t,, u)F
TL(tra.ns)L (o; W, ¢ - ¢) - 7\O Tl u (o]
g ° l&(l - 7\0 5)

o YW « % )X

(B
x '
D) ,/

which is given in R.T., p. 279, Eq. (233) and (235).

After the computations were completed at the top of the atmosphere
for a fixed Ty and M a new set of computations were commenced with the
same T,
the set of My which were Hy = 0.1 [O.l] 1.00, 0.96, then basic input data-

but with a different e After completing the computations for

for a different T were read into the computer. The set of optical thick-

nesses was t. = 0.02, 0.05, 0.10, 0.15, 0.25, 0.50, 1.00, 2.00.

1

-The tabulated output for a single 1. and uo will be described.

1
The radiation parameters for three models are tabulated. The three models
differ according to the law of reflection at the ground. The three laws
are those governing no réflection.( Az = 0), lambert reflection, and
Fresnel reflection. The parameters I&, Ir’ I, P are tabulated for

u = 0.01 [0.01] 1.00 and §_ - # = O and x. At the bottom of the atmos-

phere these parameters apply to the downward radiation, and at the top

they apply to the upward radiation. In addition, at the top both the
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"~ A
{ - and r- components of ,Ié’crans) and ‘lét?‘ns), i =1, 2, 3 are tabulated.
2

The neutral point positions, maximum degree of polarization, and position of
the maximum degree of polarization are given. Also tabulated are several

flux quantities and albedos for the bottom and top of the atmosphere.

B. Accuracy of Computations

1. Accuracy of scattering functions

The accuracy of the computations was determined essentially by
the accuracy of 12 scattering functions, which are designated by W, @,
x,7, g v ,0,8, X (l), Y (l), X(z), Y(z). These functions depend
on X-, Y- functions, as defined in R.T. The X-, Y- functions are solu-
tions to integral equations. Dr. Dave obtained so.utions to the integral
equations by an iterative process. He continued the iterations until
agreement was attained in the fifth place, or higher, to the right of the
decimal point for Tl$ 1.00 and in the third or higher decimal place for
T, = 2.00. In order to achieve this measure of accuracy, Dave had to

make 3 iterations for small Tl’ and up to 1l iterations at 'rl = 2.00.

‘The accuracy of the X-, Y- functions depends on the iterative
procedure that is used. Two different iterative procedures can each
converge to separate values, whose range is small. Hence, Dave's solu-
tions for the X-, Y- functions may have a small error and be slightly
less accurate than indicated in the previous paragraph. The accuracy of
the functions was found by studying successive finite differences of the

functions. This method indicated that the functions were accurate to at
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least five decimal places to the right of the decimal point when

11;( 1.0, 4 places when 7, = 1.0, and 3 places when T, =2.0.

The numerical derivatives of each of the twelve scattering
functions weré computed separately and were part of the basic input to
the routine for computing the radiation parameters. The numerical derif
vatives of tabulated functions that are not exact are less accurate than
are the tabulated functions. The numerical derivatives of a few of the
scattering functions were so inaccurate that the functions were
smoothed before differentiation by replacing the tabulated values with
third degree polynomials. This procedure was followed for the following

functions:

§(n), 0.85 < p « 1.00, T, =2.00; % (n), 0.90 < u ¢ 1.00, T, = 2.00.

The first derivative of each of the scattering functions with
respect to u was computed by Stirling's central difference formula.22
The formula was truncated after the seventh difference for uw in the
range 0.0k £ pu < 0.96, and for the largest number of differences that
were available for u outside of this range. The derivatives were
linearly extrapolated to obtain their values at u = 1.00. The trun-
cation error was smallrin comparison with the error that was caused by
the least significant figure of a tabulated function. As a result, the
differentiated functions had two fewer accurate decimal places than had

the undifferentiated functions, since the u- interval between the tabu-

lated values was Ap = 0.01. The differentiated functions were accurate
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to at least three decimal places to the right of the decimal point for

1, < 1.00, 2 places for 1, = 1.0, and one place for 1, = 2.0.

1l 1 1

2. Accuracy of computed intensity

The intensities that are independent of the ground reflection
are computed from Eq. (3.6) and (3.46). A particular value of the inten-
sity is as accurate as the least accurate of the 12 scattering functions
that is used in the computation for that value of the intensity, unless
o= Hence, the computed intensities are accurate to at least five

places to the right of the decimal point for 7, < 1.00, 4 plaées for

1

= 1.00, and 3 places for 1, = 2.00. When the value of Eq. (3.6) be-

"1 1
comes indeterminate at u = Mo L'Hospital's rule is_applied and the de-
rivatives of the scattering functions are used. As a result, the
accuracy of the computed intensity of the radiation falling on the ground
from the diréction of the solar almuncantor (u = uo) is reduced by two

decimal places.

The effect of the ground reflection on the radiation field is
obtained by adding another term to the intensity of the radiation that
has not been reflected from the ground (Eq. (3.4) and (3.45)). The
ground reflection term depends on functions that are'computed by L'Hospital's
rule, when the functions are indeterminate. If u % Hy» these indeterminate
functions appear only in integrands. However, the integrated quantities
remain at least as accurate as the intensity of the radiation not reflected

from the ground.
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If u-= Moo the error analysis becomes more complicated. The ac-
curacy of the radiation leaving the top of the atmosphere when the index
of refraction of the ground is that of water will be considered. When
M= ey indeterminate functions appear outside of the integrals (Eq. (3.49),
(3.51), (3.52)). These functions are evaluated by using L'Hospital's rule,
and, as a consequence, their accuracy is reduced by about two decimal
places. However, these functions are multiplied by the factor e-.rl/uo R(go),

-, /n

which ie less than one, since e ®< 1 and R(uo)s l. If v, is large,

1
the effect of an error in these functions is negligible, since e-":l Yo —0
as -rl~—)cn . If T is less than about 0.1, the error in these functions
becomes important, since the intensity of the radiation reflected from the
ground exceeds the intensity of the radiation that is not reflected from
the ground. Then the intensity may be accurate to only three decimal

places to the right of the decimal point for t. < 1.00, 2 decimal places

1
for T, = 1.00, and 1 decimal place for T, = 2.00. The computed data pro~
vides one internal check on its accuracy, when pu = H, = 1. The theory
shows that Il = Ir in this direction. The computed data show that the
relative error in Il and Ir is less than 5 x 10-5. Hence, the accuracy

of the computed data exceeds the minimum accuracy for u = B, = 1, and

probably for other values of My as well.

The computed intensities for the Iambert model agreed with pub-
lished tables of intensities6 to at least four decimal places. The com-

puted intensities at the bottom of the atmosphere for the Fresnel model




4167 -6002 -RU-000
Page L9

were compared with corresponding values that were computed by Sekera , but

-not published. The two sets of computations agreed to at least four de-

cimal places.

3. Accuracy of degree of polarization

The degree of polarization for the vertical place through the
sun and zenith has been computed from Eq. (2.6). The number of signi-
ficant figures is determined by the numerator. When p ;é Ho? the computed
degree of polarization is usually accurate to 0.001 for 'tl< 1.00, to
0.01 for T = 1.00, and to 0.1 for T, = 2.00. When u = Hos the 'accura.cy
of the degree of polarization is usually one decimal place less. However »

the degree of polarization has not appeared to be "noisy" when plotted on

graph paper.
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IV. DATA ANALYSIS

A. Introduction to Analysis of Data

The radiation parameters that are computed for the model of a
Rayleigh atmosphere and specular, or Fresnel, ground reflection will be
compared with data computed for the same model, except that the ground
reflects radiation according to Iambert's law. The two models will be
distinguished in this section hy referring to them as either the Fresnel
or lambert Model. The lambert model serves as a useful refefence, since
most previous calculations of the radiation parameters at the top of a
planetary atmosphere were made for Lambert ground reflection. The same
albedo* at the ground is used in the computations for both models, when

the optical thickness and solar elevation are idéntical for both.

The primary purpose. of this research was to study the effect of
specular reflection on the radiation scattered from planetary atmospheres,
but the data can be usefully applied to the earth, when its atmosphere
lies over a large body of w&ﬁer. The model of Rayleigh atmosphere»and
specular ground reflection comes closest to approximating the earth when
the earth's atmosphere, which always contains aerosols, has a small aero- -
sol content, the water surface is smooth, and neither the sun nor the
direction of observation is very close to the horizon. The last restric-

tion is specified in order to avoid sphericity effects. Water surfaces

The albedo at a horizontal surface - either the top of bottom of the
atmosphere - is defined as the ratio of the upward to the downward mono-
chromatic flux through the surface.
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are not smooth unless the air above them is calm. However, when the wind
a few meters above the surface is less than 7 ms-l, the water retains its
specular reflecting characteristics, if the radiation incident on it has

a zenith angle less than 600.7’18

The wavelength corresponding to a particular value of the optical
thickness of the earth's atmospheric gas (no aerosol particles) is given
in Table I. The relation between the optical thickness and wavelength
takes into account only the scattering properties of the atmospheric gas
and neglects absorption. As a result the optical thickness varies nearly
as the inverse fourth power of the wavelength.

TABLE I
‘ The optical thickness is ('rl) for which the computations

are made are listed. The corresponding wavelengths are

given, when the optical thicknesses apply to the earth's

atmosphere without aerosol particles.a The index of re-

fraction (m) of sea water at temperature T = 20°C is given

for the same wavelengths.

T A m
0.02 0.803u 1.3352
0.05 0.637 1.3387
0.10 0.542 1.3417
0.15 0.492 1.3440
0.25 0.435 1.3877
0.50 0.367 1.3546
1.00 0.312 1.3643
2.00 0.266 1.3789
‘ 8 These relations were developed with data that are given in references

9 and 10.
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Table I also gives the index of refraction of the ground for the
Fresnel model. Only these values are used, until the final subsection
(IV.F.) of this section presents a discussion of the effect of larger in-
dices of refraction. The indices of refraction in Table I are approximate
mean values for the earth's seas. The index of refraction of sea water
(ms,T)* was calculated from the formula m(s,zo)(?\) = mw’zo( A) o+ A20(7\ )s
where the subscript 20 indicates that the values are for a temperature
T = 20°C; the subscripts s and v refer to sea water and pure water, res-
pectively; and A 20 is the difference between the-indices of sea and pure
wvater. The value of mw’ 20 ¥as taken from Dorsey.lo The quantity AZO
is obtained from the relation Azo()\ ) = Als(?\ ) + 9 ; Gifford'sld ex-
perimental value of Al5 was used and ‘6 =5x 10‘1‘. The extreme values
for the earth's seas at a glven wavelength depart from those in Table I
by less than 0.5 per cent.2 Such & small variation in the index of re-
fraction will cause only small changes in the radiation parameters at
the top of the atmosphere. This will be shown in Section IV.F. where
the radiation parameters are given as a function of the index of

refraction.

The plan for the discussion that follows is to show first the
character of the flux of radiant energy from the top of the atmosphere.
Then the angular distribution of the radiant energy will be given by means

of the intensity parameter. Next, the degree of polarization will be

¥*
The subscripts are eliminated from the symbol m for the ingex of re-
fraction in Table I and in the remainder of this report.
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discussed. The neutral points will receive special attention. Finally,
the radiation parameters will be given as a function of the index of
refraction. The purpose here is to study how various components of the
radiation field chgnge as the intensity of the specular reflection

increases.

B. Flux of Radiant Energy

1l. Albedo at the ground

The albedo at the ground is computed only for the Fresnel model.
This albedo is shown on Fig. 2 as a function of the total optical thick-
*
ness of the atmosphere for five solar zenith angles (90) . At large

optical thickness, 1, = 2.0, the albedo is nearly independent of the

1
solar zenith angle, the relative variation being about 5 percent from
the mean value of 0.061. This is nearly the albedo of diffuse light,
which is 0.067 for T, = 2.0. As the optical thickness decreases from
T, = 2.0, the albedo changes from the common value of about 0.061 to the
albedo of the direct sunlight, when no atmosphere exists’(Tl = 0). When
the sun is rather high in the sky, Oo<: h6°, the albedo changes less than
0.0l absolute value as the solar zenith angle varies for a given optical
thickness. Furthermore, the albedo is small for high sun, but increases
as the optical depth of the atmosphere increases. On the other hand,
when the sun is low in the sky, the albedo is much more sensitive to the

optical depth of the atmosphere, as demonstrated by the curve for

(o}
eo = 78.5".

*
The parameter Qo is called the solar zenith and nadir angle at the bottom

and top of the atmosphere, respectively.
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Figure 2. Albedo of the ground as a function of

optical thickness.
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The ground albedo can be explained in terms of the separate
albedos of two streams of radiation that together comprise the total flow
of radiation. One stream is the flux of reduced solar radiation, and the
other is the stream of airlight. Designate the albedos of these streams

with the fluxes that are introduced in Eg. (3.39) - (3.40):
1_? ) 2,3 _ ) A + ¢ -1
No= 303 A7 = 03y T3 03, H3)) :

When these quantities and Eq. (3.39) are substituted into Eg. (3.38), an

expression for the resultant albedo is obtained:

F 1 -1 I,
>\O (Tl) P-o) = J;'FT /\\’O + ——i;;—l"—i ?\‘2)’3 . ()4-.1)

N

Hence, the resultant albedo is determined by the §eparate albedos (7\i
and )\5’3), which are weighted according to the relative strength of the
downward flux of the corfesponding stream of radiation. The albedo of
the reduced solar flux ('Ki) is given on Fig. 1. The relative weights

and the albedo of the airlight require some discussion, which follows.

"The ratio of only the reduced solar flux at the ground to the sum
1 F
of both the reduced solar airlight and fluxes (2" ) that fall on the ground

is given as a function of optical thickness on Fig. 3. If the sun is at the

zenith, the flux of direct sunlight exceeds the flux of airlight, when
the optical thickness is less than 1.1. As the solar zenith angle in-
creases, the‘solar flux is more strongly attenuated, since the optical
path length through the atmosphere increases. When the solar zenith

angle reaches 6 _ = 84.3°%, most of the flux is directly from the sun,
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only if the optical thickness is less than 0.097. If the solar zenith
angle is between 0° and 84°, then the reduced solar flux always exceeds

the flux of airlight when Tl<40.097, and the reverse is true when rllsl.l.

The alﬁedo of the diffuse airlight is given as a function of
optical thickness in Table II. The data are given for only one solar
| zenith angle (OO = 45.7°), since the relative albedo changes less than

15 percent as a function of Oo and for a given optical thickness

(6 < 84.3°). The albedo of diffuse light is largest for 7. = 0.02,
(o]

1

where A%§‘= 0.156, and least for T, = 2.0, where %§'= 0.066.

1
The question arises: why does the albedo of the diffuse light
depend strongly on the optical thickness of the atﬁosphere? The reason
is that the Fresnel reflection coefficient increases as the zenith angle
of the incident light increases, if the index of refraction is small, as
in the present study. The intensity of the skylight from near the hori-
zons is greater than the intensity of the skylight from the zenith, when
the opticai thickness is small. The reverse is true for large optical
thickness (see Fig. 4). Hence a larger fraction of the diffuse skylight
is reflected when the optical thickness is small than when it is large.
TABLE II

The albedo at the ground of the diffuse airlight, when
the ground reflects specularly. u = 0.7, 6_ = 45.7°,

T 0.02 0.05 0.10 0.15 0.25 0.50 1.00 2.00

albedo 0.1560 0.1431 0.1297 0.120k 0.1077 0.0903 0.0751 0.0657
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Since the albedo at the ground (7&2(11)) is the same for the
Fresnel and Lambert models, the flux of radiation into the bottom of the
atmosphere from below is nearly the same for both models. The total up-
ward flux at the ground can be separated into three components with a
relation that is obtained by substituting Eq. (3.39) into Eq. (3.40):
"oy, w) = NG [Y3,60) 3,0 #3Ee)] L 1ew
(k.2)
where the superscript i indicates whether the ground reflects radiation
according to Fresnel's or lambert's law. The ratio of the upward flux
for the lambert model to the upward flux for the Fresnel model is
43_1;(1_1, u ) i ‘31 +¢32 +w3§
R I A
wsL -wa_F
—3 =3

1+
Vv N ’
31+32

(+.3)

since the computed data show that *3-;0'3 1 +*'3-2)'l< < 1l. The ratio
that appears on the right of Eq. (4.3) is given in Table III for both
small and large optical thicknesses. The absolute value of the ratioes
are less than a few per cent. Hence, the upward flux of radiant energy

into the bottom of the atmosphere is nearly the same for both models.
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TABLE III

The ratio that appears on the right hand side of Eq.
(4.3) for small and large optical thickness.

V3L _vyF
T Yo W
1t 92

0.02 0.1 0.037

0.2 0.009

0.4 -0.001

1.0 0.000

2.00 0.1 -0.007

0.2 0.00k

0.k 0.00k

1.0 0.003

2. Upward flux at the top of the atmosphere

The meanings of the different flux quantities that appear on
Fig. 5 will be described again. The term flux, when used here, will al-
ways refer to the flow of radiation through a horizontal surface. The
downward flux incident on top of the atmosphere is uoz, independent of
the atmospheric éptical thickness. In order to express the flux as an
absolute value when the solar constant is F°(7\ ) , the flux values given
here must be multiplied by t-lFo- The various upward flux parameters

are computed from Eq. (3.54) to (3.59). As indicated by Eq. (3.54), the
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total upward flux at the top of the atmosphere can be separated into two
streams of radiation: the first contaihing the light that is scattered
from the atmosphere and is not reflected from the ground (*3'2) , and the
other stream containing all other radiation, which is reflected from the
ground (*3 3). The stream of radiation reflected from the ground can be
subdivided into three more streams (Eg. (3.56)). The first of these
streams is the reduced solar flux that is reflected from the ground and
passes either directly, or after one or more scatterings, out of the
atmosphere (’3‘3’ l) ; the second stream consists of diffuse radiation
that is reflected from the ground once, and only once (?3'3,2) ; the
third stream consists of all radiation that has been reflected from the

ground two or more times (43'3 3).
)

The upward flux at the top of the atmosphere is given as a
function of optical thickness on Fig. 5. When the optical thickness of
the atmosphere becomes infinite, the upward flux equals the incident
downward flux (p_x), which equals 1.257 when n = 0.l4; and the radiation
leaving the top of the atmosphere is independent of the reflecting sur-
face at the base of an infinite atmosphere. On the other hand, when the
optical thickness of the atmoéphere appfoaches zero, the flux of the
'a.ii'lightf approaches zero (‘3' '2‘90,*3‘3’ 2"’0,'3‘ ’3—> 0), and the total
upward flux becomes just the reflected direct solar flux T3'3,1
03:,’3‘3 = ‘3'3,1 = 0.1234 at 1, = 0).

*
Airlight does not include any light that leaves the ground and passes
directly through the atmosphere without being scattered.
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The flux of radiation that has been reflected from the ground
(* 3- ) exceeds the flux of the stream that has not been reflected from
the ground ( 3- ), when the optical thickness is less than 0.076 (for
My = 0.4). When the 3'3 - stream is dominant, it consists of princi-
pally the reflected direct sunlight. When the *3‘2 - stream is dominant,
the 1‘33-3 - stream rapidly diminishes with increasing optical thickness,
until it is about 0.01 of the total flux at T, 2.0. It is important
to note that the flux of the light that has been reflected two or more

times from the ground («3' ) is less than 0.0l of the total; that is,

3,3
this component makes a negligible contribution to the total flux, when
the index of refraction is small (m ~1.35). It will be shown in the
forthcoming discussions, that the effect of the twice-reflected compo-
nent has a negligible effect on the total intensity and the' degree of
polarization of the radiation leaving the top of the atmosphere. Hence,
this component (Eq. (3.52)) can be neglected for most purposes. By
neglecting this component, the most difficult and extensive part of the

computations, involving solutions of integral equations, is eliminsated.

If the upward fluxes shown on Fig. 5 are divided by the  incident
flux, then one has the albedo data, which are given on Fig. 6. The al-
bedo at the ground is also given. As the optical thickness approaches
infinity, the albedo at the top approaches one. When T, = 2.0, the
total albedo is 0.70, and the albedo is 0.69 for the stream of radiation

that has not been reflected from the ground and whose flux was designated
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by'r3‘ 2 on Fig. 5. Once again it is shown that the effect of the ground
is negligibly small at t, = 2.0. As the op{:ica.l thickness decreases, the

1
total and *3-2 - albedos decrease. When the optical thickmess becomes

zero, the albedo of the "3- - stream is zero, and the albedos at the

2
top of the atmosphere and ground are identical.

Figures 7 and 8 give more data on the total upward flux at the
top of the atmosphere. Figure 7 shows that for any solar nadir angle,
the upward flux increases monotonically with increasing optical thickness
and approaches uox as rlﬂoo. If the optical thickness is greater than
0.2, the flux decreases with increasing solar nadir angle. The dependence
of the solar flux on the solar nadir angle is shown more clearly on Fig.
8. The curve for Tl = 0.05 on Fig. 8 shows that at small optical thick-
ness the upward flux is not ai simple function of the solar nadir angle.
Data not given here show that fluxes of the two streams of radiation,
the 1\3-2 - and 4‘3-3 - streams, are nearly equal ati T, = 0.05 for high
sun (90 < 53°), but that the component reflected from the ground (*3- 3)
is dominant for larger solar nadir angles (Go> 53°).

The upward flux from the model with Lambert ground reflection5

is nearly the same as that for the Fresnel model »- When the solar nadir
angle and the optical thickness are the same for both. This is to be
expected, since the flux into the top of both models is the same, the
net flux at the bottom is within a few per cent of being the same, as

shown in Sectlon IV.B.l.and no radiant energy is absorbed within the
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model atmosphere. The ratio of the upward flux for the Fresnel model to
the upward flux for the Lambert model is shown on Fig. 9. If the solar
nadir angle is less than 600, the ratio is greatér than 0.98; and if the

solar nadir angle 6, = T8.5°, the ratio is greater than 0.9k.

Because the upward flux at the top of the atquphere is nearly
the same for either of the two extreme models of ground reflection,* it
would appear that the flux is insensitive to changes of the natural laws
of ground reflection, if the ground albedo does not change. As a conse-

quence, one can use the Iambert model, which is much simpler for making
flux computations. Coulson5 has given & simple expression for the upward
flux at the top of the atmosphere and computed it for the Iambert model.
Hence, by knowing only the ground albedo and the atmospheric optical
thickness, one can use the ILambert model for obtaining good estimates of

the upward flux at the top of the atmosphere.

C. Total Intensity

The total upward intensity at the topAof a model atmosphere is
first discussed in terms of the total intensity of each of the several

component streams of the radiation field. The term total intensity refers

to the intensity parameter that is the sum of the .Q- and r- components
of the intensity (Eq. (2.3)), and is not necessarily the sum of the in-

tensities of all the several streams of radiation. The intensities that

¥* .
Iater, the fluxes for the two models are shown to be nearly equal, when

the index of refraction and the ground albedo are large.
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appear on Fig. 10 are calculated from the following formulae: *I*F

from Eq. (3.45), 1 from (3.46), Tlétmns) from (3.48), Tlgi'ans) from
(3.49), ¢Ig";‘ms) from (3.51) and "\Iéfgans) from (3.52). The total
intensity for the Lambert model ( $1*L) ig computed from R.T., Eq. (235),
P. 279. These separate intensity components refer to the same streams

of radiation that were used in the discussion of fluxes in Section IV.B.2.
The correspondence between total intensity and flux parameters for the
same stream of radiation is ‘AI*F and total Fresnel flux, “I*L and total

Lambert flux, 1I and"&z, T ana 43 , and’t . ana t3 (1=1, 2, 3).
g 3 B,1

g,1
In order to express the total intensity in absolute units, the

values that are given in this report must be multiplied by the factor

x-l}?b( K) , where ~F° is the monochromatic solar constant. Then the total

intensity will be expressed in units of the solar constant per steradian.

The total intensity at the top of the atmosphere of radiation
from the nadir is given as a function of optical thickness on Fig. 10.
The total intensity equals 0.35 for an atmosphere of infinite optical

thickness. When the optical thickness decreases to 1., = 2.0, radiation

1
reflected from the ground contributes less than 0.02 to the sum. As the
optical thickness decreases to zero, the intensities for the Freesnel

4 [*F ?
model (TI ") and for the model of gzero ground albedo ( 'I) approach
zero; and the intensity of the Ilambert model approaches the va.luev of Ky
times the reflection coefficient of the direct sunlight. Since the

intensity of the light from the ground (¢ Iéu ans ) ) is less than 0.16 of
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. h*F
the total Fresnel intensity ( I ) for all optical thicknesses, the
Fresnel intensity of radiation from the nadir is not strongly affected

by the light reflected from the ground. The intensity of the light

: : A
that is twice, or more, times reflected from the ground ( aIétrans))
b4
b _¥F
is less than 0.01 of I ', and can be neglected for most purposes. If

trans)
2

would not be more than 0.05.

A ¥F

the reflected component TI; is neglected also, the error in 'I

The total intensity at the top of the atmosphere of radiation
from the nadir is shown as a function of the solar nadir angle. (Fig. 11).

The total intensity decreases as the solar nadir angle increases (except

%
for I L at T, = 0.05), in part because the flux on top of the atmos-

phere decreases by the factor cos 90. The difference between a pair of
1 _*L t_*P . .
I and I = curves for the same optical thickness increases with de-
creasing optical thickness. The relative difference between the total
A_¥
intensity for the Fresnel model ( "I F) and the total intensity (’Z[)
for the model with zero ground albedo is not more than 0.2, except for
small optical thickness (11 = 0.05) and large solar nadir angle (90) 650).
% _¥
The Fresnel intensity ( ¥I F) is discontinuous when the sun is at the

zenith (Oo = 0), because of the strong specular reflection of the direct

sunlight towards the zenith.

The total intensity is given as a function of the nadir angle,
when the solar nadir angle is fixed at 6_ = 66.h°, and the total optical

thickness of the atmosphere is Tl = 0.50 (Fig. 12). Because the ground
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albedo is small (0.092), the effect of the ground on the intensity of
the radiation leaving the top of the atmosphere is small for this moderate
optical thickness. The Iambert intensity is the largest towards the nadir,

but the Fresnel intensity is largest towards the limbs.

The Fresnel intensity is discontinuous at the angle © = 66.&0,
where the mirror image of the sun appears (Fig. 12). Although the total
intensity in the direction of the image is only slightly greater than the
intensity of the nearby surroundings, all of the solar energy is confined
to a small solid angle of about T x 10-5 stéra.d in the case of the earth,
whereas the intensity unit used on Fig. 12, gives the amount of radiant
energy confined to one sterad. Hence, the sun's image is about

(7 x 1072 )yt 10% as bright as a nearby spot of the same size.

The limb darkening is shown in Table IV. The ratio of the
intensity in the direction © = 78.5° to the intensity of radiation from
the nadir is used as the measure of limb darkening. The limb darkening
does not differ by more than 0.02 among the three models for a given solar
nadir angle 90 » when the optical thickness is greater than or equal to
two. Actual limb darkening occurs only when the sun is fairly high in
the sky and T 2> 2.00. Data not given in Table IV show that limb darken-
ing does not occur for the models of Table IV, when 'rlg 1.00. The limb
darkening, or better, brightening becomes more sensitive to the type of
ground reflection, when the optical thickness is small. If the optical

thickness is very small ('rl = 0.02) ,‘ the limb brightening is least for




4167-6002 -RU-000
Page T5

NADIR ANGLE IN DEGREES

} o
— ou‘
S =1
ALISNIINI V101

l
™ o~
H
(=]

0.5
0.4 |-

Figure 12. Total specific intensity as a function of
nadir angle. The radiation comes from the side of the
nadir opposite to the side of the sun; that is,

¢0 - @ = 0. The optical thickness, T, = 0.50. The
solar nadir angle 8 = 66.4°. The albedo at the ground
)i('rl) = 0.092. ‘
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The limb darkening from above for three atmospheric models.

The two figures in parentheses give the average intensity
% * *

[*I F(77.9°) + F(79.0)] = 2 rather than 'I Y(78.5°), in

order to avoid using the high intensity of the solar image,

which occurs when @ = OO = 78.50.

Optical solar nadir | zero albedo Fresnel Iambert
thickness | angle, 0_ *1(e=78.5°) | M*F(78.5°) | *1*L(78.5°
™ I(e=0°) *1°F(00) F1¥L(00)
0.02 84.3° 9.16 11.0% 1.57
78.5 8.59 - (10.4) 1.46
60.0 6.06 7.79 1.65
0.0 2.51 3.35 1.37
0.25 84.3 7.06 T.20 5.49
8.5 6.26 (6.37) k.31
60.0 .30 .54 3.16
0.0 1.79 1.95 1.56
2.00 8k4.3 k.22 h.17 k.16
78.5 3.28 3.24 3.23
60.0 1.88 1.86 1.85
0.0 0.88 0.87 0.87
o 84.3 2.88
78.5 2.20
60.0 1.25
0.0 0.67
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the Lambert model, since the light is reflected isotropically from the
ground. The Fresnel and zero ground albedo models have approximately the

same amount of limb brightening at small optical thickness.

D. Maximum Degree of Polarization

In order to demonstrate the usefulness of the maximm degree of
polarization as & parameter of the radiation field, the degree of polari-~
zation of light leaving the top of model atmospheres and in the vertical
plane of the sun is shown on Fig. 13. The general features of the degree
of polarization can be ‘considered as deviations from the degree of polari-
zation of primary scattering. The degree of polarization of primary
scattering is given by the relation P = sinZ ®@Q + cos® ® )'l, vhere @®
is the angle between the direct solar rays and the direction of observation.
The primary degree of polarization is zero in the direction of the anti-
solar point and reathes a maximum of one in a direction 90o from the inci-
dent solar rays. This picture is modified by multiple scattering in the
atmosphere and by the ground reflection, as shown on Fig. 13. Figure 13
shows that the degree of polarization is not zero, but near zero at the
solar point, that the maximum polarization occurs almost 90° from the sun,
and that the maximum degree of polarization is less than one. By knowing
Jjust the value of the maximm degree for & model, one can then usually

describe the general features of the degree of polarization.

The maximum degree of polarization in the sun's vertical plane is

shown as a function of optical thickness on Fig. 14; the solar nadir angle
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is 90 = 66.4° for these data. The maximum degree of polarization is 0.28
for an infinitely thick atmosphere. The maximum degree of polarization
increases to a value between 0.46 to 0.48 for the three models as the
optical thickness decreases to two. As the optical thickness decreases
to zero, the maximm degree of polarization for the model with zero ground
albedo approaches one, the value for primary scattering. The Fresnel
maximum degree of polarization is only slightly less than that of the
model without ground reflection, principally because the intensity of the
light reflected from the ground is a small fraction of the total for the
Fresnel model. The maximm degree of polarization for the Lambert model
approaches zero as the optical thickness decreases to zero, since the
light reflected from the ground is unpolarized for this model. Whereas
the maximum degree of polarization of light received at the ground is
nearly the same for both the Fresnel and lambert models ,ZL the maximum
degree of polarization of light leaving the top is quite different for

the two models at moderate, or smaller, optical thickness.

More data on the maximum degree of polarization leaving the top
of the atmosphere are shown on Fig. 15*. The maxinm_m degree of polari-
zation decreases by a factor of almost two as tﬂe optica.l thickness in-
creases from 0.05 to 2.00. The maximum degree of polarization for the
model that does not reflect any light at the ground is slightly greater

than for the Fresnel model, and the difference decreases with increasing

The light from the direction of the solar image is the highest polarized
at small optical thickness and large solar nadir angle, but these data are
not used on Fig. 15.
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radiation leaving the top of the atmosphere and in

the sun's vertical plane as a function of. the solar
nadir angle. The dashed curves apply to the zero
ground albedo model, and the solid curve applies to

the Fresnel model.
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optical thickness. The variation of the maximum degree of polarization

with solar nadir angle increases with increasing optical thickness.

The angular distance between the direction of the maximum degree
of polarization of light leaving the top of the atmosphere in the verti-
cal plane of the sun and the solar rays is shown as a function of optiecal
thickness on Fig. 16; the sun's nadir angle is Oo = 66.4°. The position
of maximum polarization for the three models is 870 at optical thickness
2.0. As the optical thickness approaches zero, the position shifts to
900 for the model of zero ground albedo. The position for the Fresnel
model is only slightly smaller than for the zero albedo model. The po-
sition for the Ilambert model departs strongly from the 90o position aﬁ
small optical thickness, bepause the light from near the nadir is
strongly depolarized by the relatively intense unpolarized radiation
from the ground near the nadir. The maximum degree of polarization is
shifted toward the limb, where the neutral light from the ground has
less effect on light leaving the top of the atmosphere, because of the

long optical path of the light through the atmosphere.

E. DNeutral Points

The térm neutral points refers to the places where the light

leaving either the top or the bottom of the atmosphere is unpolarized.
The neutral points are a useful parameter for studying the scattering
properties of planetary atmospheres, because the neutral point positions

are sensitive to changes of the scattering characteristics of a planetary
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direction of the maximum degree of polarization
of light leaving the top of a model atmosphere.
The sun's nadir angle is 90 = 66.4°,
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3,4,13,19,20,21,23

atmosphere and to changes of the reflecting characteris-

3,19,21,24,25

tics of the ground. Furthermore, neutral point positions are

easy to measure. 21,23

Coulson5

computed the neutral point positions at the top of the
atmosphere, when the ground reflects radiatidn according to lambert's law.
As a result of his work, one can represent the neutral point positions
schematically. The schematic positions of the neutral points shown on
Fig. 17 would be expected, if the aerosol content of the atmosphere were
low, and if the light were reflected from the ground according to approxi-
mately Lambert's law. Then three neutral points would appear in the
vertical plane of the sun at one wavelength, but only two neutral points
at any one time. When the solar nadir angle is small (left of Fig. 17),
neutral point number one would appear between the anti-solar point and
the horizon, and neutral point number 2 would appear between the anti-
solar point and the nadir. When the solar nadir angle becomes large,
neutral point one would disappear, and at about the same time, neutral
point number 3 would appear near the opposite horizon. The exaét posi-
tions of the neutral points depend essentially on wavelength, the merosol

content of the atmosphere, and the ground reflection characteristics.

The neutral point positions are shown as a function of optical
thickness on Fig. 18; the solar nadir angle is 9, = 66.4°. The position
of neutral point one is plotted as a negative angle (—9l of Fig. 17), and

the position of neutral point 2 is positive (02 of Fig. 17). Neutral
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Figure 17. Schematic representation of the neutral
points that would appear to an observed above a
Planetary atmosphere. The ground reflects radiation
according to approximately lambert's law. The left
drawing shows the two neutral points that would
appear when OO is small. The right drawing shows
the two neutral points that would appear when GO

is large.
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point 3 does not appear until the solar nadir angle becomes larger than
about 680. The positions of neutral points that correspond for the
Fresnel and Lambert models nearly coincide, when the optical thickness
T, = 2.0. As the optical thickness decreases, the neutral points move
towards the anti-solar point, but much more rapidly for the Fresnel model.
The Fresnel neutral points disappear from the sun's vertical when the
optical thickness is less than about 0.3. The Iambert -neutral points
disappear only when the atmosphere vanishes. The neutral point positions
are not shown for the model for which the ground absorbs all radiation
that falls on it, since the positioné for this and the Iambert model differ

by only a few tenths of a degree.

The degree of polarization throughout the entire vertical plane
of the sun is shown for the optical thickness (-tl = 0.25) that is just
below the threshold for the disappearance of the Fresnel neutral points
(Fig. 13). The degree of polarization is nearly the same for the Fresnel
and zero ground albedo models. Even though the difference is less than
0.07 near the anti-solar point, the neutral points are not present in
the Fresnel model, but are present at & large distance of about 20‘,J from
the anti-solar point for both the zeroc ground albedo and Iambert models.
If the planetary atmosphere were to contain aerosol particles of the type
that are frequently found in continental ‘areas of the earth, then the
neutral points would be shifted further from the anti-solar point™> than

is shown for the Lambert model on Fig. 13. Hence, the Fresnel neutral
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points are shifted closer to the anti-solar point, or even disappear from
the vertical plane of the sun, while the ILambert neutral points may re-
main far from the sun, both for a Rayleigh atmosphere and for some model

atmospheres containing aerosol particles.

The neutral point distances are given as a function of the solar
nadir angle on Fig: 19. Three sets of curves for optical thicknesses of
0.25-;, 0.50 and 1.00 are shown. The neutral point distances of points one
and two from the anti-solar point and of point three from the sun are
given; these respective dista.xices are indicated by the angles 91, e_, and
93 on Fig. 17. The dashed curves are for the lambert model and the solid
curves are for the Fresnel model. The differences between the Iambert
and Fresnel curves are only a few degrees, when the optical thickness
T, = 1.0. The differences increase as the optical thickness decreases
to 0.50. Then the Fresnel neutral points disappear from the sun's
vertical plane for 6 < 24° (-rl = 0.50), whereas the Iambert neutral
points do not disappear. The neutral point differences increase still

more, when the optical thickness decreases to 1, = 0.25. The Fresnel

1
neutral point distances that were computed for T, = 0.25 are shown 'ﬁy
circles. The curves are dotted where the positions are not known exactly.
Frepnel neutral point two disappears for 8, < 75°. Two Fresnel neutral
points number one exist when the solar nadir angle is between 70° and
75°.  No Fresnel points exist when the solar nadir angle is less than

700 , but the Iambert neutral points follow the schematic behé.vior that

was indicated on Fig. 17.
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Figure 19. Neutral point distance as a function of

solar nadir angle. The dashed and solid curves apply
when the ground reflects according to Iambert's and
to Fresnel's law, respectively. The origin for each
of the three sets is indicated by the optical thick-
ness written next to the origin. The numbers 1, 2
and 3 refer to the neutral points that are given on
Fig. 17.
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The stream of radiation that is reflected from the ground two
or more times in the Fresnel model has a small effect on the neutral
point position. For example, when the optical thickness is 1, = 0.25,
the computed neutral point positions would be shifted 0.5°, 1f this

stream were neglected.

When the ground reflects radiation according to Lambert's law,
the neutra.i points are nearly in the same positions at both the botfom
and the top of the atmosphere. However, this is not true for the
Fresnel model. The neutral point positions at the bottom and the top
6f the atmosphere are compared for the two models as a function of the
solar nadir angle on Fig. 20. Note that the origin of the ordinate
for the lambert data is 4° above the origin for the Fresnel data. The
positiogs on top of the atmosphere are represented by a continuous line,
except that the Fresnel neutral point curves at the top are dotted where
7004 90 < 790 5 and the neutral points at the bottom are represented by
a dashed line. The heutral points ori the bottom are labeled by their
historical names. The Brewster point é.t the bottom corresponds to
point one at the top, the Babinet point corresponds to point 2 , and the
Arago point corresponds to point 3. Neutral point positions at the
bott‘om differ by less than a few degrees from their corresponding posi-
tions at the top for the Iambert model. On the other hand, thegorres:-
ponding neutral point positions for the top and bottom differ coﬁsiderably

for the Fresnel model. For example, the Fresnel neutral points disappear
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Figure 20. Comparison of neutral point positions at

the bottom and at the top of the atmosphere as a
function of the solar nadir angle. The Fresnel
neutral points number one and two curves are dotted
in the region where their positions are not accur-
ately known. The optical thickness T, = 0.25. The
origin of the ordinate for the ILambert model is 4°
above the origin for the Fresnel model.
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from top, when the solar nadir angle is less than T0°; but the Brewster
and Babinet points remain at the bottom. Hence, the anqnolous neutral
point positions on top of an atmosphere above a specularly reflecting
ground can not be predicted only with knowledge of the positions at

the bottom.

When the neutral points disappear from the sun's vertical plane,
physical reasoning indicates that the neutral points should still be
visible near the anti-solar point. Additional computations of the
neutral point positions should be made, in order to determine their

behavior when they are not present in the vertical plane of the sun.

F. Dependence on Index of Refraction

The chief purpose of this section is to see how the significance
of the different streams of radiation change as the albedo at the ground
increases. Although the computations are made for the Fresnel law of
reflection, the. results will still indicate the significance of the

various streams for other laws of ground reflection.

This section will also show that the radiation parameters at
the top of the a’cmdsphere change by a negligible amount for mos_t purposes,
when the index of refraction for one va"?r_elength in the vicinity of the
visible spectral band changes from a minimm to a maximum value‘ for sea
waters. For example, the index of refraction of sea water at 2\ 58763

varies from a minimum of 1.3355, when the temperature T = 30°C_ and the
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salinity S = 20°/oo, to a maximm of 1.3418, when the temperature T = 0°C

and the salinity S = 40°/o0 2 (such high salinities generally are associated
with high temperatures). The relative change in the index of refraction is
0.005, which would be nearly independent of wavelength near the visible

spectral band.

The albedo at the ground is given as a function of the index of

refraction (m) on Fig. 2la for an optical thickness of . = 0.50 and a

1
solar nadir angle of OO = 66.#0. If the radiation field is separated
into two components -- the reduced incident solar flux and the airlight--,
these two components have nearly the same albedo, which increases as the
index of refraction increéses. Of course the value of the albedo of both
streams of radiation combined is intermediate to the values of the se-
parate streams. As the index of refraction approaches infinity, the

albedo approaches one; and when the index of refraction equals one, the

albedo is zero.

In general, the albedo at the ground of the airlight and of the
direct sunlight differ more than is shown on Fig. 2la. Figure 21b shows
the albeﬁos of the separate streams as a function of the solar nadir angle
and for an optical thickness of Tl = 0.50 and an index of refraction of
m = 1.3546. In this case the albedos of the two streams are equal when
e, = 6&0, and are nearly equal when Oo = 66.4° as on Fig. 2la. If 90
is less than 6&0, the albedo of the airlight exceeds the albedo of the -
direct sunlight, and the reverse is true if 8, 1s greater than 64°. The

albedo of both streams together lies closer to the stream with the largest
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Figure 21b. The albedo of the airlight, of the reduced
incident flux (curve labeled sun), and of both at the
ground as a function of the solar nadir angle. 1, = 0.50;
m = 1.3546. '
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downward flux. In general, the solar nadir angle at which the albedos
of the two streams are equal will depend on the optical thickness and
the index of refraction, since the albedo of the airlight is a function
of the optical thickness, and the albedos of both the airlight and direct

sunlight are a function of the index of refraction.

The data on Fig. 2la will be used to show that the range of
albedo for smooth sea water is small for the visible spectrum. The ex-~
pression for the change in albedo with respect to wavelength and index

of refraction is

d7\F=32\-—§ -azl—- dr, + 37\‘I:dm .
o ) 81‘1 17 Qdm

Replace the differentials with finite differences, apply the formula when
e, = 66.4°, and let T, change from 0.02 to 0.50, which corresponds to the
approximate limits of the visible spectral band (see Table I). The value
of the first term on the right hand side of the above equation is obtained
from Fig. 2 and is 0.012. The value of the second term on the right of
the above equation is 0.00k, since A?\O/Am = 0.2 at m = 4/3 (Fig. 21a),
and the range of the index of refraction for sea water and the visible

2,10

spectrum is m ¢ 0.02. Hence, the change in the scattering charac-

teristics of the atmosphere above the sea with a change in wavelength
has a stronger effect on the sea albedo than the change of index of re-

fraction with respect to wavelength. The change in albedo of seas with

respect to variations in the index of refraction would be small in
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comparison with albedo changes that depend on the optical character of

the atmosphere and on the roughness of the sea.

The upward flux at the top of the atmosphere of several streams
of the radiation field are shown as a function of the index of refraction
on Fig. 22. When m = 1, the total flﬁx eqpéls the fiux of the airlight
that is not reflected from the ground. Since no light is reflected from
the ground when m = 1, the other fluxes are zéro. As the index of re-
fraction approaches infinity, the total upward flux equals the downward
flux. Even when the index is large (m = 10), and as a result the ground
albedo is large (7\§(-rl) = 0.61), the upward flux through the top of the
atmosphere of radiation that has been reflected from the ground (45}3)
is less than one<half of the total. The flux at the top of the atmosphere
of radiation that has been reflected two or more times fram fhe ground
(4:}3’3) is about 0.1 of the total. The total flux changes by only
2x10 3 atm= 4/3 as the index of refraction changes by 0.02 between
the ‘extreme values for sea water in the visible spectrum. The total
upward flux for the Lambert model is not plotted on Fig. 22, since the

Lambert flux is only a few per cent greater than the Fresnel flux.

The total upward flux at the top of the atmosphere, when the

optical thickness is 1, = 0.05, is shown by a dashed line on Fig. 22.

1
This flux is less than the flux for T, = 0.50. The difference is large

vhen m = 1 and decreases to zeroc as m increases to infinity.

The total intensity at the top of the atmosphere of radiation

from the nadir is shown for several streams of radiation as a function
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Figure 22. Fluxes at top of the atmosphere as a ﬁzﬁction
of the index of refraction. The dashed curve gives the
values of the total upward flux whez} T, = 0.05, See
Section IV.B.2 for an explanation of the flux subscripts.
The solar nadir angle is 6_ = 66.4°; and the 6ptical

thickness is T, = 0.50.
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of the index of refraction; the solar nadir angle o, = 66.4°, and the
optical thickness T = 0.50 (Fig. 23). oOf course, all the streams that
are reflected from the ground disappear when m = 1. The intensity of

the stream that is reflected from the ground (4‘ Ig) is more than one-half
*F)

that is reflected two or more times from the ground (*Ig 3) is more than
3

of the total ( A when m is greater than 7.4. The stream of radiation
one-tenth of the total for large m. Hence, if one wishes to compuffe
intensities at the top of a moderately thick atmosphere with an érror

of less than 10 per cent, when the ground albedo exceeds 0.50, then,
regardless of the law of ground reflection, the intensity of the stream
that is reflected from the ground at least twice should be computed, in

order to decide if it can be neglected.

Figure 23 also gives other inferesting data. The total intensity
for the Fresnel model changes in relative value by 0.4 per cent as the
index of refraction varies between the extreme indices for sea water.
Also, since the intensity from the nadir is greater for the Iambert model
('tI*L) than for the Fresnel model (¢I*F), the reverse is true toward the
limbs, since the fluxes at the top of the atmosphere are nearly the same
for both models. Figure 23 also permits a comparison of the total inten-~
sities for small (dashed curve) and moderate optical thicknesses for the
Fresnel model. The total intensity for the model with the optical thick-

ness 1, = 0.05 is about one-tenth of the total intensity for the model

1

with 'tl = 0,50.
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Figure 23. ; Specific intensity of radiation at the top
of the atmosphere and from the nadir as a function of
the index of refraction. The two dashed curveé give
the valueé of the specific intensity, when 1, = 0.05

10 '
and . 6 = 66.47; T, = 0.50.
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When the radiation field is separated into separate streams,
which are designated by subscript i, the resultant degree of polarizatiog
in the sun's vertical plane and for the models used here can be expressed

in terms of the polarization of the separate streams by the relation

p ot (Ir,i " IJ.,L)__
I +1I
§( r,i L;i)
I
- A
= Z{‘ = P, (k1)
- - -1
vhere I = };(xr,i +Ty )y B = (1, -1, NI+, )7, ena
Ui = Vi = 0 in the vertical plane of the sun for thg models that are being

used here. If Eq. (4.4) is rewritten with the notation that was used in
Section IV.C., then the expression for the degree of polarization (P )

of the radiation leaving the top of the atmosphere becomes

A 1
Pr oL p. &l p ,
*F o= B A
where r* I + i ’I A The first term on the right side of Eq. (4.5),

for exsmple, gives the contribution to P *F by the airlight that has not
been reflected from the ground. Figure 24 gives the fractional contribution
of each of the streams to the maximun degree of polarization of light leav-
ing the top of the atmosphere; the solar nadir angle is O = 66.4°, and

the optical thicknesses are 0.05 and 0.50. Of course, when the index of

refraction m = 1, the streams that are reflected from the ground do not
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Figure 24. Fractional contributions to

the maximum

degree of polarization at the top of the atmosphere

by different streams of the radiation field.

solar nadir angle is 6 = 66.4°.

The
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make any contributiox; to the resultant degree of polarization, which is
then determined solely by the strea.m that is not reflected from the
ground. As the index of refractior; increases to m = 10, with an accom-
panying increase of the ground albedo to 7\Fo(11) = 0.61 fbr both

t, = 0.05 and 0.50, the stream that is not reflected from the ground

contributes 0.62, when v, = 0.50, and 0.40, when T, = 0.05, of the

1
resultant maximm polarization. The st;reams that are reflected from
the ground carry greater weight at the smaller optical thickness of
T, = 0.05. The direct solar flux that has been reflected from the ground
(TIS’ 1 Pg,ln I*F)-l) makes the largest contribution of any of the ground-
reflected streams to the maximm of degreé of polarization when. the index
of refraction is less than two. At larger indices of refraction all
three streams that are reflected from the groimd:énke a significant con-
tribution to the maximm degree of polarization. A reason has not yet
been found to explain-why the fractionmal contributions of the airlight
that has not been reflected from the ground, and then is reflected from

*F, -
the ground just once ("Ig (*1 F.) l) , are the same within a few per

P
;2 &2
cent for both optical thicknesses of 0.05 and 0.50. The similarity for
the two optical. thicknesses of 0.05 and 0.50 may be fortuitious, since
the contribution of 1‘I »
8,2
zation is zero when the optical thickness is either zero or infinite. In

$.¥F, -1
Pg 2( I") " to the maximm degree of polari-
2

these two extreme cases 1Ig 2 = 0.
J

The absolute value of the maximm degree of polarization of light

leaving the top of & model atmosphere is given as a function of the index
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of refraction on Fig. 25; the solar nadir angle is o, = 66.4°. The
maximm degree of polarization decreases with increasing index of re-

fraction. When the optical thickness 1, = 0.50, the maximum polarization

1
decreases more rapidly with increasing index of refraction for the Lambert
model than for the Fresnel model, because the intensities of the streams

of radiation that are reflected from the ground increase at about the same
rate for both models, but the degree of polarization of the lambert stream
is less than that of the Fresnel stream. The maximum degree of polari-
zation changes in relative value by 0.2 per cent as the index of refraction

for the vis;,ble spectrum varigs through the extremes for sea water.

The curves for the two Fresnel‘ models of optical thicknesses
0.05 and 0.50 are nearly parallel (Fig. 25). This would seem to be a
coincidence, since the maximum degree of polarization would be a constant
for an atmosphere of very large optical thickness. Also, the degree of
polarization of 1ight from the nadir, where the polarization is large,

does not change at the same rate for both quels of . = 0.05 and 0.50.

1
The degree of polarization of ra.diatioﬁ from the nadir increases from

0.70 to 0.T4, when 1, = 0.05, and decreases from 0.56 to 0.53, when

1
T, = 0.50, as the index of refraction increases from one to ten.

The distances of the neutral points on top of the atmosphere are
shown as a function of the index of reffaction on top of Fig. 26; the
solar nadir angle is O = 66.4°. The solid and dashed lines give the

distances when the optical thicknesses equal T, = 0.50 and 1, = 0.05,

1
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Figure 25. Maximum degree of polarization of radiation
leaving the top of the atmosphere in the vertical plane
of the sun as a function of the index of refraction. The
solar nadir angle is O_ = 66.4°.
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Figure. 26. Neutral point distance at the top of the
atmosphere as a function of the index of refraction.
The solid curves are for T, = 0.50. The dashed curves

are for T, = 0:05. The solar nadir angle is 6_ = 66.4°,

1
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respectively. The neutral point distances for the Lambert model vary by
only a few tenths of a degree as the index of refraction varies from one
to ten, or as the ground albedo varies from zero to 0.61. The Fresnel
neutral points do not even appear in the éun's vertical plane, when

T, =0.05 and m > 1. 34k. (No neutral point positions were calculated for
vdlues of the index of refraction between 1 and 1.3%). Also, the Fresnel
neutral points disappear from the sun's vertical plane for m > 2.2 at the
moderate optical thickness of -rl
anomaly is present for the Fresnel model and T

= 0.50 (o = 66.4°). A neutral point
1= 0.50. When the index
of refraction is between 1.85 and 2.2,‘ no neutral point number one, but
two neutral points mmber two, are present in the vertical plane of the
sun. As the index of refraction of sea water varies between its ex-
tremes for the visible spectrum, the Fresnel neutral points one and two

would shift by 0.1°, and 0.1°, respectively.

Because of the interest in the neutral points at the bottom of
the atmosphere, these are shown as a function of the index of refraction
on the bottom of Fig. 26. The neutral points for the Lambert model are
nearly independent of the index of reﬁacﬁion, or mere specifically, the
ground albedo. By comparing the Iambert neutral point positions at the
bottom with those at the top, one sees that the lambert neutral points
lie within a few tenths of a degree of the same place, when the optical
thickness t, = 0.05. However, this exact symmetry does not appear when

1

T, = 0.50. Then the Babinet point lies in nearly the same place at both
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¥*
the bottom and top, but an Arago point is present at the bottom, whereas
the corresponding point does not appear at the top. Instead, neutral

point one is present at the top.

There is not very much similarity between the neutral point posi-
tions at the top and bottom for the Fresnel model. No Fresnel neutral
points are present at the bottom in the vertical plane of sun, except at
the index of refraction m = 1, and perhaps slightly larger, when T = 0.05
(Oo = 66.&0). when T - 0.50, an Arago point is present at small index of
refraction. The Arago point disappears as m increases, and is replaced by
a Brewster point before the index of refraction reaches the value of
m = 1.35. The Fresnel neutral points disappear from the vertical plane
of the sun, when the index of refraction exceeds 2.2 (1’1 = 0.50). The
disdppearance of the neutral points from the sun's vertical at both the
top and bottom for the same index of plane refraction again would seem
to be fortuitious, since the neutral point bositions do not coincide at
the top and bottom. When the neutral points disappear from the sun's
vertical plane, they are expected to continue to exist near the sun, at

the bottom, and near the anti-solar point, at the top of the atmosphere.

The Arago point distance is the angle between the anti-solar point and
the Arago point.
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V. SUMMARY

In order to make these conclusions precise, they will apply only to
two models that have been used in this report. The models are based on
the assumptions that the atmosphere is plane-parallel, homogeneous, non-
absorbing, and scatters radiation according to Rayleigh's law, and that
the ground reflects radiation according to either Fresnel's or lambert's
law. Unless stated otherwise, the ground is assumed to have the index
of refraction of water. The atmosphere is illuminated on the top by

parallel radiation.

The type of ground reflection will have an important influence on
the characteristics of the radiation leaving the top of the atmosphere.
At the ground, however, the neutral point position is the only parameter
6f the downward radiation that changes significantly from the ILambert to
the Fresnel model. Of course, the radiation leaving the top of an in-
finitely thick atmosphere is unaffected by the ground. When the optical
thickness decreases to less than’one, the specific intensity, degree of
polarization, and neutral point positions, but not the upward flux, depend
significantly on whether or not the ground reflects radiation according
to the Fresnel or the lambert law. Since the relative difference in the
fluxes for the two extreme models of ground reflection having the same
optical thickness is less than 0.06, the flux would seem to be insensi-
tive to other natural laws of ground reflection, as long as the ground

albedo does not change. Because of this, the computations for the flux
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are simplified: one can proceed on the assumption that the ground re-
flects radiation according to Iambert's law, instead of using the true

law of reflection at the ground.

Hhen the ground has a small index of refraction, as in the case of
water, the stream of radiation vhich has been reflected from the ground
- two or more times has but small effect on the radiation field, and can
be neglected. However, when the ground albedo exceeds fifty per cent,
this stream becomes significant. As an example, on condition that: the
atmosphere is of moderate optical thickness (rl = 0.50); the ground re-
flects according to Fresnel's law; the albedo is above 50 per cent; and
the solar nadir angle is _ = 66.4, then the twice-reflected streams con-
tribute more than 7 per cent of the upward flux and 10 per cent to the
maximum degree of polarization at the top of the atmosphere. This twice-~
reflected stream of radiation becomes more important for atmospheres of
optical thickness smaller than 0.50. Hence,when the ground albedo ex-
ceeds 50 per cent and the afmospheric bptical thickness is moderate or
smaller, one can not neglect the twice-reflected stream and be confident
that he can compute the radiation parameters at the top of the atmosphere

with an error of less than 10 per cent.

The neutral point positions at the top' of the atmosphere are com-
pletely different fof the Fresnel and Iambert models, when the o;btical
thickness is moderate or smaller. When the optical thickness is T
the neutral points are as much as 10° closer to the sun for the Fresnel

= 0.50,
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model as for the Lambert model. At an optical thickness of T, = 0.25,

1
the Fresnel neutral points disappear from the vertical plane of the sun
for solar nadir angles smaller than 70°, but not the lambert neutral
points. The Fresnel neutral points disappear from the sun's vertical
plane at larger solar nadir angles when the optical thickness is smaller,
but the Iambert neutral points remain in the sun's vertical plane. When
the Fresnel neutral points disappear from the sun'‘s vertical pla.ng ,» they
are expected to continue to exist near fhe anti-solar point. Because
the neutral point positions are sensitive to the aerosol content of an

atmoéphere and to the type of ground reflection, their characteristics

outside of the sun's vertical plane should be investigated.
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